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Abstract

In the article a simpler and more generalized perspective of approximative multiretracts is
presented (see [1]). This perspective allows for new results and applications. In order to reach it,
a class of approximative relative retracts will be defined with the use of single-valued mappings
only. Their properties will be studied and some applications to fixed point theory, the theory

of the extension of multivalued mappings, to graph-approximation theory and to the theory of

approximative retracts will be given.
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1 Introduction

In 1953 H. Noguchi introduced the notion of approximative retract (see [2]). In 1970, in [3], J.
Jaworowski proved that an approximative retract in the sense of Noguchi is of finite type. Then, in
1971, in [4], M.H. Clapp generalized the notion of approximative retract and proved that such defined
space does not have to be of finite type. In 2009, in [1] some more generalized, multivalued version
of approximative retract in the sense of Clapp was given. In this article the notion of approximative
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relative retract is introduced. The class of approximative relative retracts is essentially wider than
the previous ones and encompasses all thus far known approximative retracts and multiretracts. In
this article the properties of approximative relative retracts are studied and it is proven that on
some level, and if they are of finite type, they have a fixed point property.

2 Preliminaries

Throughout this paper all topological spaces are assumed to be metrizable. A continuous mapping
f: X — Y is called proper if for every compact set K C Y the set f~*(K) is nonempty and
compact. Let X and Y be two spaces and assume that for every x € X a nonempty and compact
subset ¢(x) of Y is given. In such a case we say that ¢ : X — Y is a multivalued mapping. For a
multivalued mapping ¢ : X — Y and a subset A C Y, we let:

¢ ' (A) = {z € X; p(z) C A},

If for every open U C Y the set ¢~ (U) is open, then ¢ is called an upper semi-continuous mapping;
we shall write that ¢ is u.s.c. Let H, be the Cech homology functor with compact carriers and
coefficients in the field of rational numbers Q from the category of Hausdorff topological spaces and
continuous maps to the category of a graded vector space and linear maps of degree zero. Thus
H.(X) = {Hy(X)} is a graded vector space, Hy(X) being a k-dimensional Cech homology group
with compact carriers of X. For a continuous map f : X — Y, H,(f) is the induced linear map
f« = {frs} where fr. : He(X) = Hi(Y) ([5]). A space X is acyclic if:

(i) X is nonempty,
(ii) Hi(X) =0 for every k > 1 and
(iii) Ho(X) ~ Q.
Let w: E — E be an endomorphism of an arbitrary vector space. Let us put N(u) = {z € E :
u"(z) =0 for some n}, where u” is the nth iterate of u and £ = E/N(u). Since u(N(u)) C N(u),
we have the induced endomorphism u : E' — E defined by u([z]) = [u(x)]. We call u admissible
provided dimFE < oo.

Let u = {ur} : E — E be an endomorphism of degree zero of a graded vector space E = {Ej}. We
call u a Leray endomorphism if

(i) all ug are admissible,

(i) almost all By, are trivial. For such u, we define the (generalized) Lefschetz number A(u) of
u by putting

A(u) = Y (=1) " tr(ur),
k

where tr(uy) is the ordinary trace of ur (comp. [5]). The following important property of the Leray
endomorphism is a consequence of the well-known formula ¢r(u o v) = tr(v o u) for the ordinary
trace.

Proposition 2.1. (see [5]) Assume that, in the category of graded vector spaces, the following
diagram commutes
u

El El/

u/ \x u//
u

El El/
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Then, if v’ or u” is a Leray endomorphism, so is the other; and, in that case,
A(u') = A@W").

A proper map p : X — Y is called Vietoris provided for every y € Y the set pil(y) is acyclic.
A proper map p : X — Y is called cell-like provided for each y € Y pil(y) has a trivial shape
in the sense of Borsuk (see [6]). We know that a compact set of trivial shape is acyclic. Hence if
p: X — Y is a cell-like map then it is a Vietoris map. The symbol D(X,Y") will denote the set of
all diagrams of the form

X+t—z 2y,
where p : Z — X denotes a Vietoris map and ¢ : Z — Y denotes a continuous map. Each such
diagram will be denoted by (p,q). We recall that the composition of two Vietoris mappings is a
Vietoris mapping and if p : X — Y is a Vietoris map then p. : H.(X) — H.(Y) is an isomorphism
(see [9]).

Definition 2.2.(see [5]) Let (p,q) € D(X,Y) and (r,s) € D(Y,T). The composition of the diagrams

X« z — 2 vy " z, 2 5T

is called the diagram (u,v) € D(X,T)
X (‘qu Zl Aqr Z2 - ? Ta
where Z1 Ngr Zo = {(21,22) € Z1 X Z2: q(z1) = 7(22)},
u=mpo fi, v=so0 fo,
Zl f%l Z1 Aqr Z2 L} Z27
fi(z1, 22) = z1 (Vietoris map), fa(z1,22) = 22 for each (z1,22) € Z1 DNgr Zo.
It shall be written
(u,v) = (r,s) o (p,q).
In the set of all diagrams D(X,Y’), the following relation is introduced:

Definition 2.3. Let (p1,q1), (p2,¢q2) € D(X,Y).

(P1,q1) ~m (P2, q2)

if and only if there exist spaces Z, Z1 and Zs, Vietoris maps ps : Z — Z1,ps : Z — Z> such that
the following diagram is commutative:

X2z 2y
I E
Xt —z vy
b e
X

P2 q2
Zs Y,

Idy

Idy

that is
P=P10O0p3 =pP20pP4, q=(q10P3 =¢g20P4.

Proposition 2.4. (see [7]) The relation in the set D(X,Y) introduced in Definition 2.3 is an
equivalency relation.
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The set of the equivalence classes of the above relation will be denoted by the symbol

Mn(X,Y)=D(X,Y),~

m”*

The elements of the space M., (X,Y") will be called multimorphisms and will be denoted by

om = [(P;Q)]m

where

Xt -z 2,V
Proposition 2.5. (see [7]) Let [(p, ¢)]m = om € Mm(X,Y).
2.5.1 ((p1, 1), (P2, 42) € om) = (for each z € X qi(p; ' (2)) = g2(p3 ' (2))),

2.5.2 ((pr, @), (P2, 42) € om) = (14 0 P1, = g2« 0 p3,),
2.5.3 Let ¥ = [(7,8)]m € Mm (Y, T) and let 1m0 0 = [(1, 8) 0 (P, q)]m € Mm(X,T) (see Definition

2.2). Then for any (p1,q1) € pm and (r1, 1) € ¥m we have

((r1,s1) 0 (p1,q1)) € (m © pm).
From Proposition 2.5 (2.5.1) we get the following definition:

Definition 2.6. For any ¢, € M,,(X,Y), the set p(z) = q(p~ ' (x)) where @ = [(p, ¢)]m is called
an image of point x in a multimorphism ¢, .

Let @m € M (X,Y). The symbol ¢ : X —,, Y will denote a multivalued mapping determined by
a multimorphism ¢, (see Definition 2.6). We define (see Proposition 2.5 (2.5.2))
P =q.op.’, (2.1)

where (p,q) € om and if ¥ : Y —,, T then o ¢ : X —,, T is a multivalued map determined by
Ym © ©m (see Proposition 2.5 (2.5.3)) and we have (see [7]):

(Yo p)s =vs0pu. (2.2)

Let f : X — Y be a continuous map and let Idx : X — X be an identity map. Then f,, =
[(Idx, f)]m € Myu(X,Y) and for each (p,q) € fn (see [7])

g.opit = f.. (2.3)

Let A C X be a nonempty set and let ¢ : X —,, Y. Then the map pa : A — Y given by the
formula
pa(x) =p(z) foreach x € A (2.4)

is determined by a multimorphism (p4)m = [(D, §)]m (see [7]), where
Al p ) —1 v

and (p,q) € D(A,Y) is a restriction of some (p,q) € ¢m. Hence ¢ : A —p, Y is a multivalued
map determined by (¢a)m = [(D, Q)]m-

In this paper, maps determined by multimorphisms ¢, € M, (X,Y) will be denoted ¢ : X —,, Y
and will be called multifunctions.

Definition 2.7. Let X be an ANR and let Xo C X be a closed subset. We say that X is movable
in X provided every neighborhood U of X, admits a neighborhood U’ of Xy, U’ C U, such that
for every neighborhood U"” of Xy, U” C U, there exists a homotopy H: U’ x [0,1] — U with
H(x,0) =z and H(x,1) € U", for any x € U’.

Definition 2.8. Let X be a compact space. We say that X is movable provided there exists
Z € ANR and an embedding e : X — Z such that e(X) is movable in Z.
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Let us notice that the property of being movable is an absolute property, that is if A is a movable
set in some ANR X and j : A — X’ is an embedding into an ANR X', then j(A) is movable in X’
(see [6]).

Remark 2.9. [6] We know that movable spaces are of the following types, among others: AR,
ANR, AANR (in the sense of Clapp), FAR (of trivial shape) and FANR.

Proposition 2.10. [6] Let X and Y be compact spaces. The space X X Y is movable if and only
if X and Y are movable spaces.

Definition 2.11. A map r: Y — X of a space Y onto a space X is said to be an mr-map if there
is a multifunction ¢ : X —,, Y such that rop = Idx.

Definition 2.12. A space X is called an absolute multi-retract (notation: X € AMR) provided
there exists a normed space E and an mr-map r: E — X from E onto X.

Definition 2.13. A space X is called an absolute neighborhood multi-retract (notation: X € ANMR)
provided there exists an open subset U of some normed space E and an mr-map r: U — X from
U onto X.

Class of spaces of type AMR and ANMR are substantially wider than the class AR and ANR
respectively (see [8]).

Definition 2.14. Let X be a compact space. We shall say that X is an approximative ANMR
(we write X € AANMR) provided that for any € > 0 there exists a normed space E. and an open
set U, C E., amap 7. : U. — X and a multifunction ¢, : X —,, U. such that for any z € X

re(pe(z)) C B(z,¢),
where B(z,¢) is an open ball in X with the center of z and radius €.
Definition 2.15. Let X be a compact space. We shall say that X is an approximative AM R (we

write X € AAM R) provided that for any € > 0 there exists a normed space E., amap r. : . — X
and a multifunction ¢, : X —,, E. such that for any x € X

re(pe(x)) C B(x,¢),
where B(z,¢) is an open ball in X with the center of 2 and radius €.

In the article [1] the properties and examples of the spaces AANMR and AAM R are presented.

Theorem 2.16. (see [5]) Let U be an open subset of a normed space E and let X be a compact
subset U. Then for every € > 0 there exists a finite polyhedron K. C U and a mapping i- : X — U
such that:

2.16.1 ||z —ic(x)|| <€ forallz € X,
2.16.2 i.(X) C K-,

2.16.3 i is homotopic to i, where i : X — U is an inclusion.

We recall that a metrizable space X is of finite type if almost all the homologies of X are trivial and
for each k>0

dimH(X) < oo.
Proposition 2.17. Let U be an open subset of a normed space F and let X be a compact subset
U. If an inclusion 7 : X < U induces a monomorphism . : H.(X) — H.(U) then X is of finite
type.
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Proof. Let e > 0 and let i : X — U be such as in Theorem 2.16 Let d : X — K. be a map given
by the formula d(z) = ic(x) for each x € X, where K. is a finite polyhedron (the condition 2.16.2).
We have a following diagram:

X ‘5 U

I

X — 5 K.,
where i : X — U and j : K. — U are inclusions. We observe that from the condition 2.16.3 we get

Ix = lex = (jod)sx = s 0dx.

From the assumption the map i is a monomorphism, so d. is a monomorphism. Hence X is of
finite type and the proof is complete. O

A map ¢ : X —,, Y determined by ¢ = [(p, q)]m is called compact if ¢ : Z — Y is a compact
map (¢(Z) C Y is compact). A map ¢ : X —, X has a fixed point (we write Fiz(p) # 0) if
there exists a point z € X such that z € ¢(z). We recall that a metrizable space X has a fixed
point property (i.e. it is a Lefschetz space) if for each compact multivalued map ¢ : X —,, X the
following condition is satisfied:

(Aps) #0) = (Fiz(p) # 0) (2.5)
provided that A(p.) (see (2.1)) is well defined.

Propositionn 2.18. [8, 5] Let X € ANMR (in particular, X € ANR). Then X has a fixed point
property.

Propositionn 2.19. [5] Let g : X — Y be a proper map and let ¢4 : Y — X be a multivalued
map given by the formula ¢4(y) = ¢~ (y) for each y € Y. Then ¢, is an u.s.c. map.

Propositionn 2.20. [5] Let X be a compact set in a Hilbert cube Q. For any open neighborhood
U of X in @ there exists a compact space C € ANR such that X C C C U.

Propositionn 2.21. [9] Let X be a compact and locally connected space and let f: X — Y be a
continuous map from X onto Y. Then Y is compact and locally connected.

Let (X,dx) be a metric space, A C X be a nonempty set and let £ > 0. By the symbol O.(A) will
be denoted a following set:

O:(A) = {y € X; there exists = € A such that dx(z,y) < €}.

Denition 2.22. Let ¢ : X — Y be a multivalued u.s.c. map and let ¢ > 0. A continuous mapping
f:X — Y is an e-approximation of ¢ if and only if for each z € X f(z) € O:(¢(O:(x))).

Remark 2.23. In this paper we introduce an agreement. Let ¢ : X — Y be a multivalued
u.s.c. map. We will say that ¢ has an approximate selector if for each € > 0 there exists an
g-approximation of ¢.

Let K™™' be a closed ball in euclidean space R™"! with the center of 0 and radius 1 and let
S"™ ¢ K"*! be a sphere.

Denition 2.24. Let A C X be a compact set. We will say that A is co-proximally connected
subset of X if for every € > 0 there exists § < & such that for every n = 0, 1,2, ... and for every map
g:S™ — Os(A) there is a map g : K™ — O.(A) such that g(z) = g(x) for every x € S™.
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Remark 2.25. [10, 5] Let X C @ be a compact space. Applying Theorem Hyman (see [11]) can
be shown that the space X is co-proximally connected if and only if it has a trivial shape.

Theorem 2.26. [5] Let X be a compact ANR and let ¢ : X — Y be an u.s.c. map. Assume that
for each x € X the set p(z) is co-proximally connected. Then ¢ has an approximate selector.

We recall that a space X is of finite type if almost all the homologies of X are trivial and for each
k>0 dimHg(X) < oo..

Theorem 2.27. (see [5]) Let X be a compact space of finite type. Then there exists € > 0 such
that for every compact space Y and for every two maps f,g:Y — X if dx(f(y),g(y)) < € for each
y € Y, then f. = g«, where dx is a metric in X.

We recall that a compact space X is countably dimensional if

X = U Xn, where dimX, < oo for all n. (2.6)

n=1

Let ¢ : X — Y be a map and let A C X be a nonempty set. We denote p4 : A — X a map given
by the formula ¢4 (x) = ¢(x) for each x € A.

Denition 2.28. Let A C X (A # X) be a nonempty set. Let ¢ : A — Y be an u.s.c. map.
An us.c. map @ : X — Y will be called an elementary extension of ¢ if $x\4 : X\A = Y is a
single-valued map and g4 = ¢.

Proposition 2.29. [12, 13] Let X be a compact space, Y € ANR (Y € AR) and let A C X
(A # X) be a nonempty, closed and countably dimensional (in particular, finitely dimensional) set.
Assume that ¢ : A — Y is an u.s.c. multivalued map such that for each z € X the set ¢(z) is of
trivial shape. Then ¢ has an elementary extension @ : U —o Y (¢ : X — Y'), where U C X is some
open set such that A C U.

3 The Relative Retracts

In this section we will give few definitions and we will prove a fact, which we will use in the sections
following. The theory of relative retracts can be found in [14]. We denote by A a family of compact
and nonempty sets in the Hilbert cube @ such that the following conditions are satisfied:

for each z € Q@ {z} € A. (3.1)
if A1, As,...,Ap,...€ A then <H An> € A. (3.2)
n=1
if Ae A then h(A) € A, where h: A — @ is an embedding. (3.3)

Remark 3.1. The properties of (3.1), (3.2) and (3.3) have, for example, the following family of
nonempty sets: the compact sets (see [9], will be write A¢), the compact and acyclic sets (see [1],
will be write Aca), the sets of trivial shape (see [6], will be write Arg) and the single element sets
(will be write Agg).

Let g : Z — X be a proper map. We will say that g is a A map if

g '(z) € A for each z € X. (3.4)
Let R denote a set of all metrizable spaces, X € R and let
M(X)={f:Z— X; ZeR}
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Let us denote
D(X) ={g € M(X); gisa A map}. (3.5)
The examples of families of D type sets:
H(X) = {g € M(X); g is a homeomorphism} = {g € M(X); gisa Agr map},
CE(X) = {g € M(X); gis a cell-like map} = {g € M(X); gisa Ars map},
V(X) = {g € M(X); g isa Vietoris map} = {g € M(X); gisa Aca map},
P(X) = {g € M(X); gisa proper map} = {g € M(X); gisa A¢ map}.

We observe that the set D(X) satisfies the following conditions (see (3.1) and (3.3)):

H(X) C D(X). (3.6)
(heH(Z) and g € D(Z,X)) = ((go h) € D(X)). (3.7)

‘We observe also that
H(X) c CE(X) C V(X) C P(X). (3.8)

Denition 3.2. Let Z C Y and let g : Z — X be a continuous map. A space X is called a g-retract
of a space Y (i.e., it is a retract relative to the g) if there exists a continuous map r : Y — X such
that the following diagram:

Yy —— X

I

zZ —2— X
is commutative that is r ot = g, where 7 : Z < Y is an inclusion and Idx is an identity mapping.
The space Z will be called a g-carrier of X in Y (we write Z € Cy(X,g)) and the map r will be
called a g-retraction.

Let ®(X) be a nonempty subset of M(X). We will introduce some denotations. Let
DY, X)={g: Y = X; ged(X)}, &v(X)={9€?(Z,X); ZCY}.

Denition 3.3. A space X is called a Dy (X)-retract of a space Y (i.e., it is a retract relative to the
set Dy (X)) if there exist maps g: Z — X, g € Dy(X) and r : Y — X such that r is a g-retraction
(see Definition 3.2).

Denition 3.4. We say that a space X is an absolute relative retract (we write X € ARR(D)) if
there exists a space Z such that for each space T' and for each closed embedding h : Z — T there
exists a map g € Dy (X) such that h(Z) € Cr(X,g) (see Definition 3.2).

Denition 3.5. We say that a space X is an absolute neighborhood relative retract (we write
X € ANRR(DD)) if there exists a space Z such that for each space T' and for each closed embedding
h : Z — T there exists an open set V C T and a map g € Dy (X) such that h(Z) C V and
h(Z) € Cv(X,g) (see Definition 3.2).

It is clear that if X is a compact space and g : Z — X is a proper map then Z is a compact space.
We need the following fact:

Proposition 3.6. Let X be a compact space.

3.6.1 (X € ARR(D)) & (X is a Dg(X)-retract of the Hilbert cube Q),

3.6.2 (X € ANRR(D)) & (X is a Dy(X)-retract of U, where U is an open set
in the Hilbert cube Q).



Slosarski; BJMCS, 13(8), 1-19, 2016; Article no.BJMCS.2269/4

Proof. We show the condition 3.6.2. The proof of the condition 3.6.1 is analogical. It is obvious
that if X € ANRR(D) then X in particular is a Dy (X)-retract of some open set U C Q. Assume
now that there exists an open set U C Q such that X is a Dy (X)-retract of U. Then we get a space
ZCU,amapg:Z — X, g€ Dy(X) andr: U — X such that roi = g, where i : Z — U is an
inclusion. We have the following diagram:

X9 z_ ' Uy ,x

Let h : Z — T be a closed embedding, where T is some metrizable space and let f : h(Z) — U be
a map given by the formula f =ioh™'. U € ANR, so f has a continuous extension F : V — U,
where V. C T is an open set such that h(Z) C V. Let R =ro F. Then we have the diagram:

h—t j R

X 2z h(Z) 1%

X,
where j is an inclusion. We observe that
Roj:(roF)oj:ro(Foj):ro(ioh_l):(roi)oh_lzgoh_l.

Hence h(Z) € Cv(X,go h™") (see Definition 3.5), where (go h™') € Dy(X) (see (3.7)) and the
proof is complete. O

In the paper [14] (see also [8]) we proved the following fact:
Proposition 3.7. Let X be a metrizable space.
371 (X € AMR) & (X € ARR(V)),

3.7.2 (X € ANMR) < (X € ANRR(V)).

4 The Approximative Relative Retracts

We introduce the notion of approximative relative retract and study some of their properties. In
this section, all spaces are compact. Let X be a space. By the symbol dx will be denoted a metric
in the space X.

Definition 4.1. Let ¢ > 0, Z C Y and let g : Z — X be a continuous map. A metrizable space
X is called an e-(g-retract) of a space Y (i.e., it is an e-retract relative to the g) if there exists a
continuous map r : Y — X such that

dx(r(z),g9(z)) < € for each z € Z.

The space Z will be called an e-(g-carrier) of X in the space Y (we write Z € C3(X,g)) and the
map r will be called an e-(g-retraction).

Definition 4.2. We say that a space X is an approximative absolute relative retract (we write
X € AARR(D)) if for each £ > 0 there exists a space Z. such that for each space T and for each
closed embedding h : Z. — T there exists g. : h(Z:) = X, g € Dp(X) such that h(Z.) € C7(X, g-).
Let ¢ > 0. The space Z. will be called an absolute e-carrier of X and it will write Z. € AC*(X,D).

Definition 4.3. We say that a space X is an approximative absolute neighborhood relative retract
(we write X € AANRR(DD)) if for each € > 0 there exists a space Z. such that for each space T
and for each closed embedding h : Z. — T there exists g. : h(Z:) — X, g- € Dr(X) and an open
set Us C T such that h(Z.) C U. and h(Z.) € Cp_(X,ge). Let € > 0. The space Z. will be called
an absolute neighborhood e-carrier of X and it will write by Z. € ANC*(X,D).
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We observe that (see Definition 3.4 and Definition 3.5):
(X € ARR(D)) = (X € AARR(D)),
(X € ANRR(D)) = (X € AANRR(D)),

(X € AARR(D)) < (for each € > 0 AC®(X,D) # 0) and
(X € AANRR(D)) < (for each € >0 ANC®(X,D) # 0).

Let @ be a Hilbert cube.

Proposition 4.4. Let X be a metrizable space.

4.4.1 A space X € AARR(D) if and only if there is a compact space Z C @, g: Z — X, g € Dg(X)
such that for each ¢ >0 Z € C5(X, g).

4.4.2 A space X € AANRR(D) if and only if there is a compact space Z C Q,g: Z — X g € Dg(X)
such that for each € > 0 there exists an open set U. C @ such that Z C U, and Z € Cp_(X, g).

Proof. The condition 4.4.2 will be shown. The proof of the condition 4.4.1 is analogical. Let
X € AANRR(D). Then for each n there exists a compact space Z, € ANCY™(X D). We denote

by
T= H I
n=1

and let mn, : T — Zy, be a projection. It is clear that T is a compact space. We observe that for each
n Z, CT CQ (as embedding), so there exists gn : Zn — X, gn € Do (X), an open set V,, C Q such
that Z, C V, and Z,, € C‘l,i" (X, gn). We define a space Z given by the formula:

Z={2€T; gu(ma(2)) = gus1(mas1(2)) for each n} = | J [ 9" (@)- (4.1)

zeX n=1

The space Z is nonempty, compact and Z C T C Q. Let g : Z — X be a map given by the formula:

9(2) = g1(m1(z)) for each z € Z.

1ggl(x) (see (3.2) and (4.1)) and

We observe that g € Do (X) because for each z € X g7 (z) =

i =18

for each n
9(2) = gn(mn(z)) for each z € Z. (4.2)

Let € > 0. Then we get n, 7, : V,, — X such that 1/n < ¢ and
dx(rn(y),9n(y)) < 1/n < e for each y € Z,. (4.3)
The map f : Z — V,, given by the formula:
f(z) = mn(z) for each z € Z (4.4)

has a continuous extension F; : U — V,,, where U C @ is an open set such that Z C U.. We show
that Z € Cp_(X,g). Let 7. : U. — X be a map given by the formula r. =7, o F. and let z € Z.
We have (see (4.2), (4.3) and (4.4))

dx(re(2),9(2)) = dx (ra(F=(2)), 9(2)) = dx (ra(ma(2)), g1 (m(2))) =

= dx (ra(ma(2)), ga(ma(2))) < 1/n < .

Assume now that there is a compact space Z C Q, g: Z — X g € Dg(X) such that for each € > 0
there exists an open set V. C @ such that Z C Vz and Z € Cy_(X,g). Let h: Z — Y be a closed

10



Slosarski; BJMCS, 13(8), 1-19, 2016; Article no.BJMCS.2269/4

embedding, ¢ > 0 and let f. : h(Z) — Z C V. be a map given by the formula f.(z) = h™'(z) for
each z € h(Z). There exists a continuous extension F; : U. — V; of f., where U. C Y is an open
set such that h(Z) C U.. We define a map 7. : U. — X by the formula:

re=r.0F; (4.5)
where r. : V. — X is a map such that for each z € Z
dx (ri(2),9(2)) < e. (4.6)
Let g- = goh™ ! and let = € h(Z) . We have (see (4.5) and (4.6))

dx (re(x), 9= () = dx (r(Fe()), g(h ™ ())) = dx (r{ (A"} (2)), g(h™ " (2))) <&

and the proof is complete. O

Analogically to the Proposition 4.4, the following fact can be proven:

Proposition 4.5. Let X be a metrizable space.

4.5.1 A space X € AARR(D) if and only if there is a normed space E, a compact space Z C E,
g:Z — X, g €Dg(X) such that for each e > 0 Z € C3(X, g).

4.5.2 A space X € AANRR(D) if and only if there is a normed space F, a compact space Z C E,
g:Z — X g € Dg(X) such that for each € > 0 there exists an open set U. C E such that Z C U,
and Z € Cf_ (X, g).

Using the Proposition 4.4 or Proposition 4.5 we introduce the following definition:

Denition 4.6. Let X be a metrizable space.

4.6.1 A space X will be called an approximative absolute neighborhood relative retract in the sense
of Noguchi (we write X € AANRRy (D)) if there exist an open set U C @ (U C E), a compact
space Z C U, g:Z — X, g € Dg(X) (g9 € Dr(X)) such that for each ¢ > 0 Z € Cf (X, g), where
FE is some normed space.

4.6.2 A space X will be called an approximative absolute neighborhood relative retract in the sense
of Clapp (we write X € AANRRc (D)) if there exist a compact space Z C Q (Z C E), g:Z — X,
g € Do(X) (9 € D(X)) such that for each € > 0 there exists an open set U. C @ (U. C E) such
that Z C Ue and Z € Cf;_(X, g), where E is some normed space.

Definition 4.6 refers only to the spaces of AANRR(D) type because from Proposition 4.4 (the
condition 4.4.1) it results that:
AARRc(D) = AARRN (D). (4.7)

By AAN Ry we denote the class of the approximative absolute neighborhood in the sense of Noguchi
and by AAN Rc - the class of the approximative absolute neighborhood in the sense of Clapp. We
observe that:

X € AARR(H) & X € AAR,

X € AANRRN(H) < X € AANRy;,
X € AANRRo(H) & X € AANRe.

It is clear that if X € AANRRy (D) then X € AANRR¢ (D). Later, it will be shown that the inverse
implication is not true. We recall that if g : Z — X is a Vietoris map then g. : H.(Z) — H.(X) is
an isomorphism (see [5]).

Proposition 4.7. (see [3]) Let X € AANRRx(V). Then X is of finite type.

11
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Proof. From Definition 4.6 (the condition 4.6.1) there exist a normed space E, a compact space
Z CE,amapg:Z — X, g € Vg(X), an open set U C E such that Z C U and for each € > 0
Z € Cp(X,g). Let for eache >0 r. : U — X be an e-(g-retraction). Let for each n

Y. ={yeQ: there exists x € X such that do(z,y) <1/n},

where dg is a metric in Q. We observe that for each n Yy, is compact and

Y.

DY

X =

n=1

From the continuity of Cech homologies it results that a natural homomorphism
Jw s Ho(X) — lim H.(Yx)
—

given by the formula
jx(a) = (jix(a), -, jnx(a), ...) for each a € H.(X) (4.8)

is an isomorphism, where for each n jn« is a homomorphism induced by the inclusion j, : X — Yy
Let e, = 1/2n. We observe that for each z € Z and for each n the segment g(z),7e,(z) lies in Yy.
This implies that for each n there exists a homotopy hy : Z X [0,1] = Y, such that

hyn(-,0) = jnore, 0i, hn(,1) =jnog,

where i : Z — U 1is an inclusion. Let i.(a) =0 for some a € H.(Z). Then for each n

Jrx(g«(a)) = (Jnx © g«)(a) = (Jnx 0 Tepx 08x)(a) = (Jnx © Te,x)(ix(a)) = 0.
Hence g«(a) = 0 (see (4.8)) and from the assumption a = 0, so the map i« is a monomorphism.
From Proposition 2.17 Z is of finite type. The map g« is an isomorphism, so X is of finite type
and the proof is complete. O
Similarly as in Proposition 4.7, the following fact can be proven (see (4.7)):
Proposition 4.8. Let X € AARR(V). Then X is an acyclic space.
Proof. Using the Proposition 4.5 (the condition 4.5.1), it is sufficient to adopt U = E in the proof
of the Proposition 4.7 . Then the inclusion i : Z — E induces a monomorphism and, hence, Z
is acyclic. The map g« : H.(Z) — H.(X) is an isomorphism, so X is acyclic and the proof is
complete. O

The following fact will be necessary for the construction of an example.

Proposition 4.9. Let X be a metrizable space and let g : Z — X be a map such that g € Dg(X).
Assume that for any n and for each € > 0 there exist compact spaces Z,, C Z, X,, C X and open
neighborhoods U, of Z,, in @ such that

Z’n € CZEJTEL (Xnygn) (Z” € C(E:,)(Xn7gn))7

where gn € Do(Xn), gn : Zn — X,. If for any n there exists a continuous map f, : Z — Z, such
that dx (gn(fn(2)),9(2)) < 1/n then X € AANRR(D) (X € AARR(D)).

12
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Proof. Let € > 0. For each n there exists an open set UfL/Q D Zn in Q, a map rf/Q : UfL/Q — X
such that for each z € Z,

dx (r5/%(2), gn(2)) < £/2.
Let n be such that 1/n < €/2 and let FE/Q : V,f/Q — Uf/2 be an extension of f, : Z — Z, C Uf/2,
where VS/Q is an open set in @ such that Z C V,f/g. We define a set V. = VS/Q and a map

R. : V. = X by the formula
R. =r/? 0 FF/2,

Let z € Z, then we have
dx (Re(2),9(2)) < dx (r7/* (fa(2)), gn(fn(2))) + dx (9n(fn(2)), 9(2) <e/2+€/2=¢
and hence X € AANRR(D). The proof of the second part of the proposition is analogical.

Example 4.10. (see [4]) Let

lg:{{xn}CR: imi<oo},

n=1

where R is the real numbers set. Let

1)? 1
A, = {(331,1:2,...,l’n+1,0...,07...) ely: (.’1’1 — %) —|—l‘§ + ... —|—1:i+1 = 4n2}

for each n > 1. Let ag = (0,0, ...,0,...). It is clear that ap € (| An. We define the sets
n=1

We observe that the set A is compact and

Q forB=A,

Hn(B) = {{o} for B = (A\An) U {ao}

for each n > 1. Hence the set A is not of finite type. Let Y C @ be a compact and non-movable
space such that there exists a cell-like map p : Q@ — Y (for each y € Y the set p~'(y) has a
trivial shape, see [15]). We will use Proposition 4.9. Let X = A XY, Z = A x Q and let for
eachn Z, =C, xQ, X, =Cr XY, gn : Zn, = X, given by the formula g, = Idc, X p, where
Ildc,, : Cp — Cy is an identity map. We observe that for any n the space C,, € ANR. For any n
there exists an open set U,, C @ such that C,, C U,, and r,, : U, — C), is a retraction. Let for any
n Ry, : U, x Q — C, XY given by the formula

Rn(z,y) = (ra(z),p(y))

for each (z,y) € Un X Q be a gy-retraction (see Definition 3.2). Then for each € > 0 and for any
n Zn € Cg, (Xn,gn). Let g: Z — X be a map given by the formula g = Ida x p. For each n we
define a map fn, : Z — Z, by the formula:

_J(a,y) forac Cy,
Jnla,y) = {(ao,y) for a ¢ Ch.

Hence and from Proposition 4.9 we get that X € AANRR¢(V) (X € AANRRc(CE), because g is
a cell-like map). From Proposition 4.7 X ¢ AANRRN (V). From Proposition 2.10 the space X is
non-movable, so X ¢ AANR (see Remark 2.9).

13
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Example 4.11. We define a set S C R? by the formula:

S= (U {1/n} < [0, 1]) U ({03 x [0, 1]) U ([0, 1] x {0})

and let T' = bd([—1,0] x [0,1]) be the boundary of a square. We define the set
X=PxY,

where the space Y is the same as in the Example 4.10 and P = SUT. We know (see [5, 9]) that X
is compact and is not locally connected. The space X is non-movable (see Proposition 2.10). Hence
and from Remark 2.9 X ¢ AANR (in the sense of Clapp). We show that X ¢ ANRR(V) (see
Definition 3.5). Assume the contrary that X € ANRR(V). Then there exist a map g € Vg (X),
g:Z — X,anopenset U CQ,amapr:U — X such that Z C U and roi =g, wherei: Z — U
is an inclusion (see Proposition 3.6). From Proposition 2.20 there exists a compact space C € ANR
such that X C C C U. Let r¢ : C — X be a map given by the formula rc¢(z) = r(z) for each
x € C. The map rc¢ is a surjection (g is a surjection), so by Proposition 2.21 the space X must be
locally connected, but it is impossible. We show that X € AANRRN(V) (X € AANRRN(CE)).
We know that P € AANR (in the sense of Noguchi, see [2]). There exists an open set U C @ such
that P C U and for each € > 0 there exists e-retraction r. : U — P. Themap R : U XQ — PxY
given by the formula

Re(z,y) = (re(z),p(y))
is an e-(g-retraction), where g : P X Q — P X Y is a cell-like map given by the formula g(z,y) =
(z,p(y)) for each (z,y) € P x @ and p is the same as in the Example 4.10.
From the last two examples (see Example 4.10 and Example 4.11), as well as from Proposition 4.4
(see Definition 4.6) it results that

ANRR(D) —S— AANRRN(D) —— AANRRc (D)

gl g o]
ANR —S— AANRy —S— AANRc,
ARR(D) —S— AARRN(D) ——— AARRc(D)

’l /I ’l

AR —S— AARy ——— AARc
and none of the inclusions can be reversed. Finally it will be proven that the old definition of the
approximative absolute multi-retract (Definition 2.14 and Definition 2.15, see [1]) overlaps with the
definition of the approximative absolute relative retract (Definition 4.2, Definition 4.3, Proposition
4.4 and Proposition 3.7).

Proposition 4.12. Let X be a metrizable space.
4121 X € AAMR < X € AARR(V),
4122 X € AANMR & X € AANRR(V).

Proof. The condition 4.12.2 will be shown. The proof of the condition 4.12.1 is analogical. Let
X € AANMR. Then for any € > 0 there exists a normed space E. and an open set U. C E., a
map 7. : U. — X and a multifunction ¢, : X —,, U: such that for any z € X

TE(‘PE(@) - B(;t, 5)7

where @, is determined by (¢c)m = [(Pe, ge)]m and

X Pe Zg ge Us .
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From Lemma 5.3 (see below) for each € > 0 and for each z € Z. we get

dx (re(ge(2)), p=(2)) <e.

Let € > 0. Let he : Z. — T be an embedding and let F. : V. — U. be an extension of ¢. o h;l,
where V. is an open set in T such that h.(Z.) C V.. We have

X Pe ZS = ha (Zs) ie ‘/5

where i. is an inclusion. Assume that . = 7. o F., p. = p. o hZ' and Z. = h.(Z.). Let z € Z..
Then we have

dx (r2(2),pL(2)) = dx (re(Fe(2)), pe (he ' () = dix (re(g-(h ' (2))), p=(ho ' (2))) < e.

It is clear that p. € V7 (X). Hence X € AANRR(V). Assume now that X € AANRR(V). Then
from Proposition 4.5 (the condition 4.5.2) there is a normed space E, compact space Z C E,
g:Z — X g € Vg(X) such that for each € > 0 there exists an open set U. C E such that
Z CU: and Z € CEUE (X, g). For each € > 0 there exists a continuous map r. : U. — X such that
dx(r<(2),9(2)) < e, where

X2 7z sy =X

Let g = ic, p- = g and let ¢. be determined by (¢c)m = [(Pe,ge)]m. Then from Lemma 5.3 (see
below) the proof is complete. O

5 The Applications

In this section some of the applications of approximative relative retracts will be given. Let us
assume that all spaces are compact. With the use of methods known in mathematical literature,
it will be proven that under some assumption approximative relative retracts have a fixed point
property (see (2.5)).

Proposition 5.1. Let X € AANRRc (V). If X is of finite type then X has a fized point property.

Proof. From the assumption there exists a compact space Z C @, a Vietoris map p : Z — X such
that for each € > 0 there exists an open set U. C Q such that Z C Uz and re : Uc — X is a e-(p-
retraction) (see Proposition 4.4). Letv : X —,, X be a multifunction determined by Ym = (D', q)]m
and let for each € > 0 pe : X —p, Us be a multifunction determined by (¢c)m = [(p,ic)]m, where
te : Z < Ue is an inclusion. We observe that for each € > 0 p(X) C Z. We have the following
diagrams:

H.(X) () | H.(U.)
w*l \(xs)* ‘ (Te)w
(@6)*
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where xXe =Y ore and I'c = p: 0 xc. From Theorem 2.27 there exists an €1 > 0 such that for each
e € (0,¢e1] the diagram is commutative. Indeed, we have

(Xe)x 0 (pe)x = (Yore)uo(9e)s = (Wore)uo(icop™)s = o ((re)s 0 (ic)s) opi ' =

= w0 (Te 0dc)s OPII = 1hx o (p« Op:l) = s,
because (re 0 i:)sx = p« and it is clear that (U'e)x = (pe)x © (xe)«. Hence and from Proposition
2.1 A(¢y) is well defined (for each € > 0 U. € ANR and I'c is a compact multifunction) and
Aby) = A((Te)«). Assume now that A(.) # 0. Then for each € € (0,e1] A((T'c)+) # 0 and there
exists a fized point y. € U(ye) C Z (see Proposition 2.18). Hence

P(ye) € p(Te(ye)) = p(we (P (re(ve)))) = ¥(re(ye))-

For each € € (0,e1] dx(p(ye),7(ys)) < €, so 1 has an e-fized point. The space X is compact and
Y is an u.s.c, so Y has a fired point and the proof is complete. O

Now a few facts, necessary to formulate a very important examples, will be proven. Let X be a
metrizable space, x € X and v > 0. By the symbol B(z,v) will be denoted an open ball in X with
the center of x and radius v.

Proposition 5.2. Let X be a metrizable space. Assume that for each € > 0 there exist an open
set Us C Q, an u.s.c map p: : X —o Us and a continuous map 1. : U. — X such that the following
conditions are satisfied:

5.2.1 for each x € X r-(pe(z)) C B(z,¢€),

5.2.2 . has an approzimate selector. Then X € AANR. If for eache >0 U, = Q then X € AAR.

Proof. Let € > 0. Then for £/3 there exist p./3 : X — Ug/3, 723 : Uey3 = X such that
re/3(pe/3(x)) C B(x,e/3) for each = € X. (5.1)

Let V' C @ be an open set such that 9:/3(X) C V and V C Ue/s. The map re/3 is uniformly
continuous on a compact set V. Hence there exists § > 0 such that for each y, z € V we have:

(d(y, 2) < 0) = (dx (re/3(y), re/3(2)) < e/3), (5-2)

where dx is a metric in X and dgq is a metric in Q. We can assume that ¢ < ¢/3 and Os(p./3(X)) C
V. From 5.2.2 and Definition 2.22, we get the continuous map f : X — U.,3 such that for each
reX

f(x) € O5(pe/3(05(x))).

Let € X. Then there exist s € Os(x) and z € ¢, /3(s) such that
do(f(z),2) <6 < ¢e/3. (5.3)
From (5.1), (5.2) and (5.3) we have
dx (ress(f(2)), ) < dx (ress(f(@)),7/3(2)) + dx (ress(2), s) + dx (s, ) <e.

Let F.;3 : V.3 — U./3 be a continuous extension of f, where V.;3 C @ is an open set such that
X C V3. Let V) = V.5 and let s : V. — X be a map given by the formula

Se =Tg/30 Fe/3~

Then the map s: is an e-retraction. The proof of the second part of the proposition is now obvious.
O
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Lemma 5.3. Let € > 0. Let ¢ : X — Y be a map given by the formula ¢(z) = f(g~*(z)) for each
z € X and let 7 : Y — X be a map, where g € D(X) and

X!z -1,y "X

(r(p(z)) C B(z,e) for each z € X) & (dx(r(f(2)),9(z)) < € for each z € Z).

Proof. Assume that r(p(z)) C B(xz,e) for each € X. Let z € Z. Then there exists z € X such
that z € g7'(x). Hence r(f(2)) € B(z,¢) and we have:

dx (r(f(2)), 9(2)) = dx (r(f(2)),2) <e.

Assume now that dx (r(f(2)),g(z)) < ¢ foreach z € Z. Let z € X and let z € g~ *(z). Then we
get:
dx (r(f(2)),2) = dx(r(f(2)),9(2)) <e.

Hence r(¢(x)) C B(z,¢) and the proof is complete. O
From Proposition 5.2 and Lemma 5.3 we get the following fact:

Proposition 5.4. Let X € AANRR(D) (X € AARR(D)). Let g : Z — X be a map such that
g € Dg(X) and for any € > 0 there exists an open set U. C Q such that Z C U. and Z € Cf_(X, g)
(Z € C5(X,g)) (see Proposition 4.4). Let i. : Z < U. be an inclusion. If for each € > 0 the
multifunction . : X =, Uz (9 : X —m Q) determined by (¢e)m = [(g,%c)]m has an approximate
selector then X € AANR (X € AAR).

Approximative relative retracts can be used for characterization of approximative retracts in the
countably dimensional and compact spaces.

Proposition 5.5. Let X € AANRR(CE) (X € AARR(CE)). Assume that X is countably
dimensional (in particular, finitely dimensional). Then X € AANR (X € AAR).

Proof. Let X € AANRR(CE). Then there exists a compact space Z C Q, g € CEq(X), g: Z =+ X
such that for each € > 0 there exists an open set U. C @ such that Z C Ue and Z € Cp;_(X, g). We
take a positive number e. Let ic : Z — U, be an inclusion and let ¢. : X —, U. be a multifunction
determined by (¢c)m = [(g,%)]m. From Proposition 2.29 there exists an elementary extension
pe : V —m Ue of oo, where V' C @ is an open set such that X C V. There exists a compact
C € ANR such that X C C C V (see Proposition 2.20). By Theorem 2.26 (see Remark 2.25) the
map (¢e)c : C —m U: has an approximate selector. Hence . has an approximate selector and by
Proposition 5.4 X € AANR. The proof of the second part of the proposition is analogical. O

It is clear that AANRy C AANRRN(CE) and AANRc C AANRRc(CE). These inclusions
cannot be reversed (see Examples 4.10 and 4.11). With the use of Proposition 5.4, the aforementioned
examples will be presented. We observe that the assumption X € ANR in Theorem 2.26 is
necessary.

Example 5.6. Let X be a compact and non-movable space. From Remark 2.9 it result that
X ¢ ANR. It can be shown that X € ARR(V) (see [8, 14]). Let p: @ — X be a map such that
for each x € X p~'(z) has a trivial shape (see [15]). We define a multifunction ¢ : X —,, Q by
the formula ¢(z) = p~*(z) for each x € X. The map ¢ is determined by ¢m = [(p, Idg)]m and
for each x € X the set ¢(z) is of trivial shape (it is oo-proximally connected, see Remark 2.25).
We will show that ¢ does not have an approximate selector. Assume the contrary that there exists
an approximate selector of ¢. By adopting in the Proposition 5.4 for each € > 0 . = ¢, U = Q
and 7. = p (see Proposition 5.2) we get that X € AAR, but it is a contradiction, because X is a
non-movable space (see Remark 2.9).
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The construction of Example 5.6 is possible due to some properties of approximative relative
retracts. The next example, in turn, illustrates the application of approximative relative retracts
to the theory of the extension of multivalued mappings.

Example 5.7. Let ¢ : X —,, @ be a multifunction such as in Example 5.6. Assume that there
exists an open set V' C @ such that X C V and there exists an extension ¢ : V' —,, @ such that
for each x € V the set @(x) is of trivial shape (it is co-proximally connected, see Remark 2.25).
Then from Proposition 2.20 there exists a compact space C € ANR such that X C C C V. By
Theorem 2.26 the map p¢ : C — Q given by the formula $c(x) = @(z) for each x € C has an
approximate selector. Hence ¢ has an approximate selector, but as we know (see Example 5.6), it
is impossible. This means that ¢ cannot be extended to any open set V C @ such that X C V
although the @ € AR.

6 Conclusions

From Example 5.6 two conclusions can be drawn. Firstly, the assumption in Theorem 2.26 that
X € ANR is essential and cannot be omitted. The mapping ¢ : X —,, @ in Example 5.6 does not
satisfy one assumption of Theorem 2.26, i.e. X ¢ ANR (X € ARR(V), see [8, 14]) and does not have
an approximate selector. Secondly, Example 5.7 contains a response to Suszycki’s question from
[16] (p. 187). The mapping ¢ : X —o @ does not have an extension to a mapping of the same images
onto any open neigborhood of space X. To conclude, in the article three levels of approximative
retracts can be distinguished. The first level consists of approximative retracts of AAN RR(H) type
that are approximative retracts of AANR type. The second level is an essentially wider class of
approximative retracts of AANRR(V) type that shows similar properties to the AANR class and
encompassing the class of earlier defined AANM R. The third level, in turn, is a very generalized
level of approximative retracts of AANRR(D) type is founded on the D type set. At this level
the fact that allowed for the division of the approximative relative retracts into two essentially
different classes was proven. Moreover, it was proven that the classes AANRRy (D), AANRRc (D)
are essentially wider than the classes, respectively, AANRy, AANRc.
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