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1. Introduction and Preliminaries

H ermite-Hadamard (HH) inequalities and other related inequalities for convex functions have been
extensively studied by different researchers, see [1,2] and their references. A much broader class of

functions known as Q—class functions was proposed by Godunova and Levin [3,4]. This class of functions is
very important because it contains all nonnegative monotone and nonnegative convex functions. Motivated by
the fact that this class of functions is much bigger and broader than the class of convex functions (which many
authors have given different HH and HH type inequalities on); we, therefore, present, extend and generalize
the HH inequalities on this broader class of functions for fractional integrals.

Definition 1 ([5-9]). A nonnegative function f : I — R is said to be a Q—class function, if for all x, y € I, and
Ae(0,1),

flax+ - ) < L84 S0 1)

Definition 2 ([5,6]). Let D be a subset of R with at least two elements. A function f : I — R is said to be a Shur
function if

fE)x—y)x—2)+fW)y—x)y—2)+f2)(z—x)(z—y) 20, )
forallx, y, z € D.

Remark 1. Godunova and Levin [3] also showed that the class of Schur functions and the Q—class functions
are equivalent. That is, (1) and (2) concide.

Definition 3 ([5,6]). A nonnegative function f : I — R is said to be a P-function, if Vx, y € I, A € [0,1],
fAx+ (1 =A)y) < f(x) + f(y). ®)

It is also known that P(I) C Q(I), and contains all nonnegative monotone, convex and quasi-convex
functions: nonnegative functions satisfying

fAx+ (1= A)y) <max{f(x),f(y)}
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The following Hamadard type inequalities have already been proved:

Theorem 1 ([4-6]). Let f € Q(I), a,b € I, witha < band f € L'[a,b]. Then

(258) < 2 o

and

(b—x)(x— a)-

where p(x) = o

Next, we state some generalizations of the Q-class function known as the s-Godunova-Levin functions
(Qs—class functions):

Definition 4 ([7-9]). A nonnegative function f : I — R is said to be a Qs—class functions of first kind if for
€ (0,1],

fax+ 1 -ay) < L8 JUL @

Vx,yel, A€ (0,1).
Remark 2. Taking s = 1 in (4), we obtain the definition of Q—class function in (1).

Definition 5. A function f : [ — R is said to be a Qs—class functions of second kind if for s € [0,1],

fmx+a—Aw>§f$)+uﬂﬁy, (5)

Vx,yel, A€ (0,1).

Remark 3. Observe thats = 0in (5) gives the definition of P—class function in (3), and s = 1 gives the definition
of Q—class function in (1).

The paper is organized as follows. Section 2 contains the main results of the paper. In Section 3, we give
a concise summary of the paper.

2. Main Results

Our aim is to extend and generalize the result of Theorem 1 to s-Godunova-Levin functions of second
kind given in (5):

2.1. Some Auxilliary Results

Definition 6. A function f(t) is said to be in L ,[a, b] if

1
b 5
(/|ﬂ0WWQp<m,1§p<wr2Q
a
where Ly g[a, b] = Ly[a, b].

Theorem 2. Let f € Qs(I), a,b € I, witha < band f € Ly[a,b] satisfying (5). Then
a+b 25+l
f( ) b —a/ flx

bia/abps(x)f(x)dng(aij:]sf(b), )

and

(b—x)%(x—a)’

where ps(x) = -0
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Proof. Let A = 1 in (5) to get 2°(f(x) + f(y)) > f(*3Y). Define x = ta + (1 — )b, y = (1 — t)a + tb, then

2[fltat (1 =1)b) + f((1 —Ha+ )] >f(a+b) @)

Integrate both sides of (7) over t € [0, 1] to obtain

[/fta—i— (1-1)b dt+/f 1—ta+tb)dt}>f(“+b). ®)

1 1
LetT, — / Flta+ (1— Db)dt and I = / F((1 = t)a+ th)dt. For I, letz = ta+ (1— )b, z— b = (a — b)t
Jo 0
and dz = (a — b)dt. Also,whent =0, z=band whent =1, z = a. Thus,

Il_/f a—b —a/f

Similarly, for I, we letu = (1 —t)a+tb), u —a = (b —a)t and du = (b — a)dt; whent = 0, u = a and when

t =1, u = b. Therefore,
b du
L= [ ;=

Combining I; and I, Inequality (8) becomes 2°.2 / flx)dx > f <

a+b

), and the first part of the result

follows. For the second part of the proof, we multiply (5) by A*(1 — A)S,

AMA=A)f(Aa+ (1 -A)b) < (1=A)f(a) +A°f(D). ©)

Similarly,
AA=APf((1=A)a+Ab) <A°f(a) + (1 —A)°f(D). (10)

Now, add (9) and (10), and integrate over A € [0,1]:

/01)\5(1—/\)5 [f()\a+(1—/\)b)+f((1—A)a+Ab) dA < [f(a) + f(D)] /01[AS+(1—A)SW.

Evaluating the integrals as before, we have

b E a /ub u _(;C)_S(;)z_s a)sf(x)dx < W'

O

One can apply the Integral Chebyshev inequality, to get alternative inequalities of (6) of Theorem 2:

Corollary 1. Suppose that the hypotheses of Theorem 2 hold. Then

I2(1+s) )+f()
T(2+2s)b fa/f - 14s

and
L i < FOEIO gy

Proof. Recall from the proof of Theorem 2, that

/01)\5(1—/\)5 [f()uz—i—(l—/\)b)+f((1—)\)a+)tb) dA < [f(a) + f(D)] /01[A5+(1—A>S]cm.

Now, applying the Integral Chebyshev inequality on the integrals

/01 AS(1 = A)f(Aa+ (1— A)b)dA,
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and )
/ AS(1— AV F((1 = A)a+ Ab)dA.
0

Thus,

1

/ AS(1— AV f(Aa+ (1— A)b)dA > / A5(1 d)\/ F(Aa+ (1—A)b)dA
0
F2 1+5)
2 +2s)b—a / flx

Similarly,

. 2
/01 A= AV F((1— A)a+ Ab)dA > L 21:22 _a/ Flx

So, we obtain that

I2(1+s) (f(a)+ f(b ))
2+25 —a/f )Jdx < 1+s

7

and the first inequality follows.
Next, we write Inequality (5) for a, b as follows:

fAa+ (1 =A)b) <A f(a) + (1-A)f(D),

and integrate over A € [0, 1] to get

b 1
/ F(x)dx :/0 F(Aa+ (1— A)b)dA

b—al,
gf(a)/o1 A=SdA + f(b) /01(1—A)—m

_ flo)+£(b)
1-s

O
2.2. Fractional Hadamard type inequalities
Next, we extend the results for fractional integrals:

Definition 7 ([10,11]). If f € Li([a, b]). Then the right (and respectively the left) Riemann-Liouville fractional
integral of order & > 0 is given by

I £(t) = r(la)/t(t—s)*—lf(s)ds, t e [a,b],

a

and

I f(r) = r(loo/tb(s—t)“-lf(s)ds, t € [a,b].

Theorem 3. Let f € Qs(I), a,b € I, witha < band f € Ly[a, b] satisfying (5). Then

a+b 2T(a+1) ,X
F(55) < T ) + 10,

and

I2(sa+1)
(b—a)s@HDHT(1+sa) + T(1+s)[(1—5(1—a))]

00 fla)+ 57 6 -0 | < LOEIO),

Proof. Following similar steps as above, for A = 1, x = ta+ (1 — )b, y = (1 —t)a + tb, we have

2[f(ta+ (1—t)b) + f((1 — t)a+tb)] > f(lH_b)
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Multiply through by #*~! and integrate over t € [0, 1] to obtain

25[/01 t“*lf(ta+(1—t)b)dt+/01 t“lf((l—t)a—l—tb)dt} > if(”;b). (11)

Evaluating the integrals:

/Olta—lf(ta+(1—t)b)dt _ /b (Z_Z)a_lf(z)ad_zb

b
= Goan _1{1)“ /a (b—2)*ldz
r
= @ (02)& Iy f(a).
o - T@) . ;
Similarly, /0 (1 —t)a+th)dt = mlﬁf(b). Thus, inequality (11) becomes

2 i fa) + 0] = 1(25).
On the other hand,
[} A=A [ Fua+ (= 2)8) 4 (- Ao A6) 0 < [1Ga) + £ [ 1+ (1= 2
Multiply through by A% and integrate over A € [0, 1]:
) A [ (= 208) (= Ao 0 00 < [1G0) + @] [ 1+ 2251 AT,

Evaluating each of the integrals gives,

/0-1,\506(1—/\)Sf()\aJr(l—/\)b)dA:/b” (Z:z>sa<z:2)sﬂx)ad_xb

= G [, 0 e

— D - 0,

Also,
sx( ) b/x—a\"(b—x\" dx
//\ — V(1= Ma+Abyir = | (b_a> <b_a> )
1 b sa S
= G [, (O =) (x
T )
Finally,

1 I'(1+s)I'(1—s+sa)
1+ sa I'(2+sa)
I'(1+sa)+T(14s)(1—s(1— uc))
(14 sa)T(1+sa)

1
J s ansa-aylan -
0

Combining the integrals together, we obtain

e [ 1= 0@ + 191 (6 - sy < TOE s EAL AT s 0)

(b — a)s@ti)+1 f(a)+ f(b)],
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and therefore,

I2(sa+1)
(b— @@ D [T(1 + sa) + T(1+ 5)0(1 — (1 - a))]

B -0 fla) + £ (0 -0 ()| < LOHTE)

O

Katugampola generalized the above integrals for functions f € X! (a,b) as follows: Let X! (a,b), c € R,
denote a set of complex valued Lebesgue measurable functions f on [a, b] with the norm

b dr\ 7
Il = ([ s F) <o 1 p <o

and
[ fllxee = sup essye(ap [t (£)]-

Definition 8 ([12,13]). If f € X! (a,b). Then the left (and respectively the right) Katugampola fractional integral
of order « > 0 is given by

) = s [ =) ), 1ot

and

b
eI f(t) =2 K@W4ﬂ“%“¥@watemm.
Katugampola gave a generalization of different fractional integrals as follows:

Definition 9 ([12,13]). Let f € XF(a,b), « > 0 and B,p,7,k € R. Then the left (and respectively the right)
fractional integrals of f is given by

1-B4x t
P () = pr<a)t [ =5 i p(s)ds, 0<a <t <b < oo

and
1=Bon  rb
o 1B _p / o _ pya—1x+p—1 < <
Ib*,q,xf(t) oM, (s —t")* s f(s)ds, 0<a<t<b<oo.

We generalize Inequality (5) as follows:

FAPRP 4 (1= AP)yP) < 65, S (12)

withp = p(y7 +1).
Theorem 4. Let f € X! (aP,bP). Suppose f € Qs(I) with I = [aP,bP] and satisfies (12). Then

f(aﬁ+bﬁ><251"(zx+1) p Lot oy 4L e pah)|,

2 PP (bp —af)" [ (aP)F b @)1 a0
and
I S ) 1
PUP (b — oyt DT T (L) (1 45T (D)
< =]+ e (I (07 - e | < L

where p = p(n +1).
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Proof. For AP = 1, xP = tPaf + (1 — t7)bP, yP = (1 — tP)af + tPbP, we have

2°[f(ta7 + (L= 1#0)67) + F((1— 17)a’ + £77)] > (”p : bp>

Multiply through by t*°~1, &, > 0, and integrating over ¢ in the interval [0, 1] to obtain:

s[ [ o1 p (b 4 (1 — 1) L1 (1 — 1P 4 1B af + b
2 Ot f(tPaf + (1 t)b)dt+0t F((1—tP)aP 4 tPbP)dt| > .

1
ap(1 +1)f< 2

bP— x/’ xP—1
o and po .

Evaluating the first integral, we let t’ = dx = 1dt, to have

./01 P F(tPaP + (1 — tP)bP)dt = /0 PP F(tPaf 4 (1 — )P )t 1at

bP — xP o xP1
— p
( ) f(x )xﬁ—bﬁdx

S i
(bp _ ap) /a (bﬁ o xp)l—af(xp)dx
_ Tl Lo £,

P1B(bP)PT (b — aP)™ e

Similarly, for the second integral, we obtain:

1o N D L D T'(a) 1 ap 5
=L E((1 — )P + tPBP)dt = _ Lt o).
/0 f(( )af + ) pl—ﬁ(ap)k (bp' _ aﬁ)”‘ be,r],Kf(a )

Combine the two integrals to give,

2’T(a) ap(y +1) [(1~ T TR f(bﬁ)} Zf(aﬂbﬁ)

pl B (bpf ) aP)k bP™ (bP)P’I aP+,17,pr] 2

To prove the second part of the theorem, we start with the following

AP(1—AP) f(APaP + (1= AP)bP) < (1= AP)f(aP) + AP (BF), (13)

and
AP(1 = APYS F((1— AP)aP + APBP) < AP f(af) + (1 — AP)S£(bP). (14)

First add (13) and (14); multiply it by A**~*¢ and integrate over A € [0,1] to give
1 o - I .
[ a0y {f(/\PaP+(1AP)bP)+f((1AP)aP+APbP) i (15)
0
< [f(af) +f(bp)]/ (A + AP0 (1 — AP)*]dA.

1
To evaluate the first integral, let AP = =2 2" (bp = )Pdx = dA and thus,

T bP—aP’ xP—bP \ pP —gP
U o s o5 s TP\ —aP N\ XL (b P\ 7
sap (1 _ APVS F(AP P —AP\PPVAA = p
/O/\ (1= AP F(APaP + (1 — AP)bP)dA /b(bﬁ—aﬁ) (bﬁ—aﬁ> f(x)xp_bﬁ<bﬁ_ap) dx
b o )
= v (b° — xp)safH%(xp — ap)sxpflf(xp)dx
(bF — )5 t5 Ja
(s + %) 1 1 sat 5B

= — ]
PIP (pp eyl (00T a" . 0n

[(6° —af) £ (bF)].
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For the second integral, we follow the same procedure to arrive at

1 i o T(sa+ 1 i
R L
0 PIP (pp — apysty (af) b

[(6° —af)f(af)].

Evaluating the integral on the right hand side of (15), we have

1 T(14 )T (F2=E)
1+ sap + or( 1+P+5“P)

1 - - -
/ [ASH 4 A5 (1 — AP)]dA =
0

1 Tsr ()
~ + £
T4sap (14 sap)T (Hmp)
1+sa, 1 a—1
T(H32) £ T(149)T (%)
(1 + Stxp) (1‘1’50(‘0)

Now, combine all the integrals of (15) together to obtain

T(sa+1) 1 1 sat+lp. o ~ 1 sa+1,8
p o] PP — aP)S F(af L L
o P gyt L(af)E b (07 =y £} + (bP)er

a? " pn
r(1+srxp) +F(1+S) <l+sﬁf(juc71)) ] ~
ST Urepr(gm O

[(bF — aP) £ (bF)]

O

3. Conclusion

The results focus on new generalized fractional Hadamard type inequalities for s—-Godunova-Levin
functions of the second kind. The obtained results generalize and extend already existing results.
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