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(ORORY o s

Abstract

We prove that every matrix FeM, (P,

n

) is associated with the smallest
positive integer d(F)=1 such that d(F)|F]|,  is always bigger than the

sum of the operator norms of the Fourier coefficients of 7. We establish some
inequalities for matrices of complex polynomials. In application, we show

that von Neumann’s inequality holds up to the constant 2" for matrices of
the algebra M, (P,).
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1. Introduction

In 1951, von Neumann [1] showed that for any contraction linear operator T on

a Hilbert space the inequality

() <17

o

holds for all complex polynomials p(z) over the unit disk, where |p]|, de-
notes the supremum norm of p over the unit disk. This result was generalised by
many people. In particular, Brehmer [2] proved in 1961 that von Neumann’s
inequality also holds for families {S,,S,,---,5,} of commuting operators on a

complex Hilbert space with
;"S,.”2 <1.

In 1963, Ando [3] established the natural generalisation of von Neumann’s
inequality for polynomials in two commuting contractions. In 1974, Varopoulos

[4] proved that the analogue of von Neumann’s inequality fails for 3 or more
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commuting contractions. There are several such counterexamples in the litera-
ture [5]. In 1978, Lubin [6] proved thatif 7},---,7, are commuting contractions

on a Hilbert space, then

lp (7. L)< swpilp(z.2,)

|z <n}, (1.1)

for any polynomial p(z,--,z,) over D". von Neumann’s inequality holds
for commutative families of isometries and doubly commuting sets of contrac-
tions [7]. Recent work of Kosinski on the three point Pick interpolation problem
on polydisc shows that von Neumann’s inequality holds for 3x3 commuting
contractive matrices [8]. In 2020, Mouanda proved that von Neumann’s inequa-
lity holds for n-tuples of upper (or lower) complex triangular Toeplitz (or circu-
lant) contractions [9]. This result was first extended to matrices of complex po-
lynomials in 2021 by Mouanda [10].

This result, which has many engineering applications, is a fundamental tool in
operator theory [5] [11].

In this paper, we are mainly concerned with the following long-standing ques-
tion: Does von Neumann’s inequality hold up to some constant for n-tuples of
commuting contractions? First of all, we show that every F e M, (P,) is asso-
ciated with the smallest positive integer d(F)#1 such that d(F)|F|, is al-
ways bigger than the sum of the operator norms of the Fourier coefficients of F.
We establish some inequalities for matrices of complex polynomials.

Theorem 1.1. Let P, be the algebra of complex polynomials over )", let
| bea
set of commuting contractions on the Hilbert space 'H . Then there exists a se-

quence (a,, (F))

FeM,(P,) bea matrix of complex polynomials and let {T,,T,,---,T,

n

meN,m=0 Oprij[Vc’ numbers such that
F(TI,-..’];) +am (F)
m|F|, +a, (F)

m

<2".meN,m=#0,

with

a, (F)=(2""-1) [mE (ke )+, (e, )

n

(K1 -k )ESE

where a,, (k;,--,k,)#0 isa positive integer such that

N N 2

m F(k,,u-,k")“M N ACREN TR A VAN

k Mk

Z muﬁ(kl"“’kn) v <P, (f)
(kl’“.qkn)gsf k
and

5 n—1

¢m(f)< Z ‘mﬁv(kl’.“’kn)-f_am (kl"”’kn)[k‘ .

(kivooky )eSE My

In application, we show that the von Neumann inequality holds up to the

constant 2" for matrices of the algebra M, (B,).

n
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2. Proof of the Main Result

In this section, we give the proof of Theorem 1.1. Given

f(zn'“’zn): z f( ek ) ---zf",

k eS,

a complex polynomial over D". Then

"f"w :Sup{|f(zl,---,zn) |:...:

=1}.

Z}’l
Suppose that
f(zl,zz) =5z, +28z,z, +15, g(zl,zz) =3z,z, +1, h(zl,zz) =4z +6zz,+5

are complex polynomials over I)*. Then the 2x2 -matrix

e[z o)

can be written as
F( ) 15 1 N 50 N 28 3
Z,,2, )= z Z,Z,.
v 5 15) (4 5)7" 6 28)7"7

F(z,z,) isa polynomial over D* with matrix coefficients. Let P, denote

the algebra of complex polynomials over D" . Given

fl",j (Zl,"‘,Z”)z Z f;]( 1 “7 ) h ---Z:",i’jzl""’k;

(y oo eS/‘j
RoE 1}

complex polynomials over D" . Then

O TR §

Denote by

Then the kxk -matrix F(zl, .

k
z,)= ( (zl, -, n)) . can be written as
L=
k
Wk
F(Zl’“.’ ( .. )lj:lzl ...Znn.

In other words,

F(Zl’.”’zrl)z Z ﬁ(kla"',k,1)zfcl"'zkn~

(kyyrosky JeSE
The kxk-matrix F(z,---,z,) can be regarded as a polynomial over D"
with matrix coefficients. Each element of the algebra A/, (7,) has this repre-

sentation. In our case, the set
{F(kyeeook,): (Keeook, ) €S}

is the set of Fourier coefficients of F(z,,--,z, ). Let us set

k

(f,,(1.-.T)

i,j=1

ik = sup
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where the supremum is taken over the family of all n-tuples of commuting con-
tractions on all Hilbert spaces. It is easy to see that ||F ||u’k is finite, since it is
bounded by the sum of the operator norms of the Fourier coefficients of F, and
that this quantity defines a norm on the algebra M, (7,) of matrices of poly-
nomials over I". For each polynomial P in M, (P,), there is always an
n-tuple of contractions where this supremum is achieved. Therefore,
(Mk (P, ),""M) is a normed algebra.

Definition 2.1. Let G be a group. An order >, on G, is called archimedean if it
has the following property. to every pair of elements x,y of G such that x>0
and y >0, there corresponds a positive integer n such that nx>y .

The order axiom for the real line states that every real number is less than
some natural number. This is equivalent to the assertion that for any two posi-
tive real numbers a and b there is a positive integer n such that a <nb .

The Archimedean property of the total order on R allows us to show that
every element F(z,---,z,) of M,(P,) is associated to the smallest positive
integer d(F)=1 such that d(F)|F|, is always bigger than the sum of the
operator norms of the Fourier coefficients of F(z,---,z,).

Theorem 2.2. Let

F(z,2)= > I:"(kl,---,k”)zf‘ gl
(ky ok )SF
be an element of M, (P,). Then there exists a smallest positive interger
d(F)#1 such that

<d(F)|F],.

Proof. Let
F(Zl’.“’Zn): Z ﬁ'(kl’“"kn)zlkl.nz}fn
k,

bea kxk -matrix of complex polynomials over " .In general, we have

L=, 3 [Pts],

Ky,eoky )eSp

and

>

(kyyky )eSE

F(kyyeoeik, )“Mk eR'|F|, eR".

The Archimedean property of the total order on R allows us to claim that
there exists a smallest positive integer d(F)=1 such that

k .;)esFHﬁ(kl’m’k”) M

15775 Kn

171, <
(

<a(p)F..

O
Remark 2.3. Each element F of the algebra M, (P,) has a finite number of

n

n

Fourier coefficients and each Fourier coefficient of an element F of M, (P,) is
bounded by its supremum norm ||F|, over the polydisc D" .
Let
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F(Zl’.“’Zn>: Z ﬁ(klj...,kn)zfl...zfﬂ

(kyyosky )eSE

be an element of M, (7,) and let Card(S,) be the number of the Fourier

n

coefficients of F. Denote by
Q. (B)={FeM(P,):Card (S, )=r} = M, (P,).

n

Theorem 2.4. Let P, be the set of complex polynomials over " and let
Qk,r(P):{FEMk (PK)ZCard(SF):r}

n

be a subspace of M, (P,). Then

Z “ﬁ(kl""ﬂkn)

(ke S E

71

M

FeQ, (R).F#0r<r.

n

sup

Proof. Let
F(Zla'“»zn): > ﬁ(kl,---,k")zlk‘ oozl

(kyyesky )eSE

be an element of Q, , (7,). Therefore, Card(S,)=r.Remark 2.3 allows us to

claim that
F (ko k,) < |F|, . vFeM,(R),
with
F(Zl’.”’zn)z Z F’\‘(kl’...’kﬂ)zlkl...zrl:”.
(ky -k )ESE
It follows that
> “F(k],~--,kn) < Card(S,)|F|, ,VF e M, (P)).
(ky»e -k )ES M

For matrices of Q, (7,),we have the following:

Z ﬁ'(k,,~~~,k)

n
(koo )eSp

S r|F, . VF e, (R).

Therefore,
Z(kl ok )ESE

ﬁ(kl"”’kn)
171,

Yo<rVFeQ,, (P).F #0.

Finally,
F(kok,)
7.

Z(kl,m,k,,)eSF

sup Y vFeQ, (P),Fz0{<r.
O
Theorem 2.4 allows us to state that, for every n-tuple {T1 RER A } of com-

n

muting contractions on a Hilbert space 7/, one has

|F(7.-.1,) <r|F], vFeq,, (R).

m M
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We can factorize matrices of complex polynomials. Assume that n=3 and
let
Q(zl,zz,z3)= Z Q(k1$k2’k3)zlklzgzzfz
(ki-kp k3 )eS
be a matrix of complex polynomials of three variables of A7, (7). Then
V(ky,ky,ky) €S, there exists a constant a(k.ky,ky)eN, a(k,k,,k)=0,
such that

[20(k kooks)|, <[[20 (K korks)+ (ko ) [

< .
M, s
N 2
Let us notice that ‘2Q(k1,k2,k3)+ ok ky,k, )[k‘ is a positive matrix of
complex polynomials and & (k;,k,,k;) is not unique. Denote by

B, (21,22,23): z

(ki ,ka k3 )eSp

N 2
Q(kl,kQ,k3)+a(k1,k2,k3)Ik‘ (zizk +2h)

and

R 2
B2(219229Z3): Z ‘Q(k13k27k3)+a(k1’k27k3)Ik‘ (Z?Z;c}"'zgz)'

(ki sk ks )eSp

It is straightforward to see that
2
HBj (21,22,23)
Jj=1

~ 4 -
= 2 ‘Q(kl,kz,lg)+a(k1,k2,k3)]k‘ Zlklzézzé‘3+H(zl,zz,z3).

(ki ke k3 )eSp

This implies that there exists a matrix P?(z,,z,,z,)€ M, (B) of complex
polynomials over D’ such that

ﬁBj(Q(ZI’ZZ’Z3)) =2Q(zl,zz,z3)+PQ (21,22,23).

What we need to notice is that the sets

{IF (1-1,)

FeM, (R)},{"F”w :FeM, (R

M

are not bounded. However, the factorization of matrices of complex polyno-
mials, in terms of the product of matrices of complex polynomials of two va-
riables, allows us to claim that the set

"F(Tl,m,T )

M FeM,(B),F#0
171 k

is bounded by 2".
Proof of Theorem 1.1
Let
F(zl,n-,zn): Z ﬁ'(kl,'--,kn)zlkl-'-zﬁ” eMk(’Pn)
(ksky )eS
be a matrix of complex polynomials over D". Then V(k,--,k,)eS, there
exists a constant a, (k,,---,k,) e N, a, (k,---,k,)#0, such that
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2B (koo k)|, <[2F (Kb )+ (ke k)1
k M,
Denote by
AD(F(z,02,))= 3 ‘ZF(kl, k) )+ a, (K, ,k")lk‘ PR

the matrix of complex polynomials with positive matrices as Fourier coefficients.
The matrix of complex polynomials AP (F (z,.2, )) satisfies the von Neu-

mann’s inequality. Denote by

. 2,
ﬂj,z(F(Zla"‘>Zn)): Z ‘ZF(kl’“"kn)—i—aZ(kl’.nakn)[k‘ ijzfj:ll
(kl""’kn)ESF
and
5,2 (F(znz))= X ‘Zﬁ("n'“’kn)mz("w"-,kn)lkrZf’,
(kl~""k/1)€SF

j=1L--,n—1. As we can see ﬂj’z(F(zl,---,zn)),j=l,---,n—1, are matrices of
complex polynomials of two variables with positive matrices as Fourier coeffi-
cients and &, (F(z,.z

mials of one variable with positive matrices as Fourier coefficients. These poly-

n

)),j:l,-~-,n—1, are matrices of complex polyno-

nomials have exactly the same number of Fourier coefficients than F(z,---,z,)
and they all satisfy the von Neumann inequality. It is straightforward to see that

18,-(F)|, = (kl’”%)ESF‘2ﬁ(k1,...,kn)+a2 (kp"ukn)lkr R
o, (F). =18, (F),
and
|82 (F)+8,2 (F), =2[6,2 (F)], =2]8,.(F).-
Denote by
G, (F(zi2,))=Bia(F(210.2,))+ 6,5 (F(z0.2,) ) j = Len—1.
That is,

G (F(Zl"“’zn))

A 2
= Y PE(kk) v (ke k, ) (zﬁfsz;; +24 ),
(kysre-sky )eS c )
j=L--,n—=1 . It is not difficult to see that there exists a matrix
P/ (z,+,z,)e M, (P,) of complex polynomials over D" such that

Gj,Z(F(Zl"“’Zn)):2F(le"',Z,1)+1)2F(Zl,"',Zn).

3

Jj=1

In other words,

n—

ZF(ZI,-",zn)+PZF (zl,w,zn): [ﬂj’z (F(zl,m,zn ))+5/.’2 (F(zl,w,zn))}

J
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It is straightforward to see that

[16.,(F) =] =T118,-(7)+6,. (7).

In general, the matrix P, (z,++,z,) is not unique. The structure of the ma-
trix P (z,,z,) depends on the structure of A" (F(z.+.2,)) . Let
{T,,T,,---,T,} be an n-tuple of commuting contractions on a Hilbert space 7.
The von Neumann inequality for matrices of complex polynomials of two (or
one) variable(s) allows us to say that

IR P A

II/% : || 5.,
This implies that
|8, (F @ D)) o (F (1))
||ﬂ,2 || G
Suppose that
Gl (2,2,) = 5 G, (F(z..2,)) = 2F (25,2, )+ B (2., 2,).
j=1
It follows that

Gf (T T) = T1[ B2 (F (T T) 6,0 (F(ToesT,) ]
This implies that,
jf vt [{iLs.(r(r
Thus,

Jo: (<[

Bya(F (T T,)) 48, (F(1.1)]|
Also, we have
3 (Tn"'aTn)HSﬁ["ﬂf‘,z(F(Tln“‘aTn))||+||5.f,z(F(Tl""nTn))"]'

It is easy to say that

jot (n )] s 1[||ﬂ,2 Tn>)||+||5j,z(F(Tp-wn))lll
||ﬁ,2 (7

.

Therefore,

i -ttt
ler]. 1 18,2 (F)+ ,(F)II ":sz (F)+ ,(F)ILC

We can claim that
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Joz 2] [ e (P [P (7))
el Al 1B, o), |

since, in general,
o2 (P, <85 ()2, P A (P <18, ()00
It is clear that
o M
This implies that
pr (5,74 B (7]
[pr 2],

sup :FeM,(P),F=0p<2""

Due to the fact that
o (1 1)+ (1 T < [2F (T T [P (7o, )
and

|27+ B <lorl +[].

we can say that for every FeM,(F,),F#0, there exist two positive real

numbers «, and A, such that
|27 (T, 1,)+ B (LT, |+ @y = |2F (T, )|+ B (T, 7, )|
and
||2F +P2F||w + A, =|2F], +||P2F ||w .
Thus,
[2F (5.1, )+ B (T, )| = [2F (oo T, <[ B (BT, )| - e
and
o+ 2|, =[], + [, 2o
Therefore,
|oF (5.1 B (53| [2F (51 )|+ B (5T, )] e
o+ 2], Prl, +[A ], = 2

It is not difficult to see that
2F (oo T B (5T - ar, _[pF (T 1)+ B (7,1, )|
|| g
[2r]. +[], ] [F+ 2],

Now, we can claim that
AR S O
lrl, + 2],

<2 FeM,(R),F =0.
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There exists a positive real number H;:F such that
2

[P (Tl o0 = 3 B k)
F

(kl,,“,/{n)esp2 M
This allows us to say that
||2F(T; T ’T;l ) ’ (kl ,4,.,16%65',,,, “ﬁzp (kl v k,, ) M G}ZF B aiz,z
2 < 2n—]
A, +[~],
In other words,
[r(n)+ X B ()|, — ks
(b o) - <o 2.1)
A, +[#], o |

with 6();2 = HIZF + 01;2 >0. Let us notice that

A

Oswp, 2 (RT3 (k)

ok, )eS g
S,

” JFeM,(R),F=0,

and

Vv

[0
£ <" FeM, (P

0<— 2 ), F #0. (2.2)
A E L )

It is straightforward to observe that if we add (2.1) and (2.2), one has

or (ot X B (k)]
0< il <272 (23)
271 +[ 27,

FeM,(P,),F =0.It follows that
e el
Al 7],

= <2"VFeM,(P,),F=0. (2.4)

Therefore, there exists a positive constant K, such that

F(T, T
OSM(HIF—"")SKH,VFEM,C(PH),F;EO.
Define the sequence (A(m)(F(Zl,"',Zn))) o of matrices of complex

polynomials over )" by setting

2

)+(}Cm (kls"'ﬁkn)[k‘ Zlkl ”'Zy]:n’

A(’”)(F(Zp"uzn))= > ‘mﬁ(kl,---,k

(kyyoiky JeSp !
with o, (k,---,k,)eN, a, (k,---,k,)=#0,such that

ml[E (kyoree k)|, <l|mE (kb )+ e (k) [

< .
M M,

The elements of the sequence (A(m)(F(z],--',zn ))) satisfy the von

meN,m#0
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Neumann inequality. Let
(a2 (01 (P (a2)

be two new sequences of matrices of complex polynomials over )" defined by

ﬂf’m(F(zl,---,zn))z z ‘mﬁ’(kl"'.ﬂkn)+am(klﬁ‘”’kn)lkrZ(];/AZ_];I:II

meN,m#0

(kyseeky )ES
and
n 2
5/.,”1(F(zl,~-,zn)):( Z) ImE (ke ke, )+, (Koo, ) I 23
ky ok, )eSE

j=L---,n—1.Forevery meN,m=0, onehas
8 (F (@) 60 (F(5T,)
B o (P

A straightforward calculation shows that there exists a new sequence
F
(Pm (ZI’.“’Z" ))meN,m¢0

mF(z,,---,zn)—i-PmF (zl,---,zn)zﬁ[ﬂj,m (F(Z],"',Zn))-i-é‘j’m (F(Zl,"',Zn ))J

j:

o

of matrices of complex polynomials over )" such that

We have exactly the same result as in (2.4). In other words,

ol )12
~ m||F| BT

= <2".VFeM,(R,),F+0. (2.5)

Denote by a, (F)=|P’

sequence (am (F ))meN’WO of positive numbers such that

. Finally, for every FeM, (P,), there exists a

(e ()
I e (F)

<2".VFeM,(R),F#0.

Let us notice that the constant ¢, (F) depends only on the Fourier coeffi-
cients of the matrix of complex polynomials F(z,---,z,). Let us estimate the
growth of ¢, (F) depending on the values of m. Let us examine the number of
terms of the product

n-1

I:ﬁj,m (F(Zl,"')zn))+5j,m (F(zl,---,zn)):|.

j:

This matrix of complex polynomials has exactly 2"~ terms and there exists a

matrix of complex polynomials Q”

(]

n—

mF(zl,u-,zn)+Q,': (zl,u-,zn)z Oim (F(zl,u-,z"))ﬂ"fl,m (F(zl,w,zn ))

~
Il

A simple calculation shows that

(1080 (7)+9,0(7)]

-1

— znfl

0

6, (F)

n
0

In other words,
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— 21171

S |mE (ksek, )+ (oK, )

(kl vk )GSF

My

The expression of mF (z,,-+,z,) can be deduced from the matrix of complex
polynomials

n=2

§f,m (F(Zl’”"zn))ﬂnfl,m (F(ZI""nzn))~
=l
This means that the expression of the matrix P, (z,'--,z,) can be com-

puted from the 2" —1 remaining terms of the matrix of complex polynomials

n-1

[ﬁ]m (F(zl,-'-,zn))+§j’m (F(Zl,"-,Z")):|.

J=

It follows that
n—1
[ =7 -] E [P (k) v, (kek, ) |+, (F),
” (kv oskey )SE M,
with
n n-2
> m|F(kok)| <0, (F)<|T16,,(F)B,., (F)
(ki ky )eSE k Jj=1 o
Recall that
n—1
n-2 ~ 2
o (P18 (F)] < bt ()
= o [ R esy v,

Therefore, we can claim that

n—1
2

S |mE (ke k, )+, (k)

(ki sk JESF

@, (F)<

M

3. Application

In this section, we show that von Neumann’s inequality holds up to the constant
2",

Remark 3.1. Let

F(Zl,“',Z”): Z ﬁ'(kl,---,kn)zfl---zf” eMk(Pn)
(/{1’4..)/(”)55‘1'.

be a matrix of complex polynomials over D" . There exists a positive constant
A, (F) such that
n—1

=m|F|, +4,(F)

My

2

S |mE (k) v e, (ko k)

(k- )<Sie

and
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A, (F)
i, <),
where a,, (k,---,k,)#0 Iisa positive integer such that

<

[t (b, )], I (koo k) + et (k)|

M

We can now show that von Neumann’s inequality hold up to the constant 2".

Theorem 3.2. Let P, be the algebra of complex polynomials over D", let
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(Ky»-ky )ESE

be a matrix of complex polynomials over )" and let {T,,---,T,} be an n-tuple
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of commuting contractions on a Hilbert space 'H . Then
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Proof. Let
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be a matrix of complex polynomials over I)”. Theorem 1.1 allows us to claim
that there exists a sequence (PmF ( Z, 2, )) oo of matrices of complex po-
meN,m#

lynomials over D" such that
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Recall that
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Remark 3.1 allows us to claim that there exists a positive constant A, (F)
such that
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It follows that
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<2" (m|F||, + 4, (F)).
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This implies that
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Therefore,
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Due to the fact that m"F "w < A gF) , implies that

2" |mF 2
"m ”w+ Z m F(kl,"',k,,) <2”||mF|w,VFeMk('P").
2 (k],-w,kn)ES]:‘ M
Therefore,

A

F(ky, ok, )“Mk <2"||F|

2

(kysiky )eSE

oo,VFeMk(Pn).

Finally, if {7},---,T,} is an n-tuple of commuting contractions on a Hilbert

space P, we have
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We also notice that the fraction , VFeM,(P,), F#0,

depends on the expression of F not on the number of variables of . However,

the constant 2" depends on the number of variables of 7 This means that for

the sufficiently large number of variables, the inequality (2.6) is trivial.
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