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Abstract 
We prove that every matrix ( )k nF M∈   is associated with the smallest 

positive integer ( ) 1d F ≠  such that ( )d F F
∞

 is always bigger than the 

sum of the operator norms of the Fourier coefficients of F. We establish some 
inequalities for matrices of complex polynomials. In application, we show 

that von Neumann’s inequality holds up to the constant 2n  for matrices of 
the algebra ( )k nM  . 
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1. Introduction 

In 1951, von Neumann [1] showed that for any contraction linear operator T on 
a Hilbert space the inequality 

( ) ,p T p
∞

≤  

holds for all complex polynomials ( )p z  over the unit disk, where p
∞

 de-
notes the supremum norm of p over the unit disk. This result was generalised by 
many people. In particular, Brehmer [2] proved in 1961 that von Neumann’s 
inequality also holds for families { }1 2, , , nS S S

 of commuting operators on a 
complex Hilbert space with  

2

1
1.

n

i
i

S
=

≤∑  

In 1963, Ando [3] established the natural generalisation of von Neumann’s 
inequality for polynomials in two commuting contractions. In 1974, Varopoulos 
[4] proved that the analogue of von Neumann’s inequality fails for 3 or more 
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commuting contractions. There are several such counterexamples in the litera-
ture [5]. In 1978, Lubin [6] proved that if 1, , nT T  are commuting contractions 
on a Hilbert space, then  

( ) ( ){ }1 1, , sup , , : ,n n ip T T p z z z n≤ <             (1.1) 

for any polynomial ( )1, , np z z
 over n . von Neumann’s inequality holds 

for commutative families of isometries and doubly commuting sets of contrac-
tions [7]. Recent work of Kosiński on the three point Pick interpolation problem 
on polydisc shows that von Neumann’s inequality holds for 3 3×  commuting 
contractive matrices [8]. In 2020, Mouanda proved that von Neumann’s inequa-
lity holds for n-tuples of upper (or lower) complex triangular Toeplitz (or circu-
lant) contractions [9]. This result was first extended to matrices of complex po-
lynomials in 2021 by Mouanda [10]. 

This result, which has many engineering applications, is a fundamental tool in 
operator theory [5] [11]. 

In this paper, we are mainly concerned with the following long-standing ques-
tion: Does von Neumann’s inequality hold up to some constant for n-tuples of 
commuting contractions? First of all, we show that every ( )k nF M∈   is asso-
ciated with the smallest positive integer ( ) 1d F ≠  such that ( )d F F

∞
 is al-

ways bigger than the sum of the operator norms of the Fourier coefficients of F. 
We establish some inequalities for matrices of complex polynomials.  

Theorem 1.1. Let n  be the algebra of complex polynomials over n , let 
( )k nF M∈   be a matrix of complex polynomials and let { }1 2, , , nT T T

 be a 
set of commuting contractions on the Hilbert space  . Then there exists a se-
quence ( )( ) , 0m m m

Fα
∈ ≠

 of positive numbers such that  

( ) ( )
( )

1, ,
1 2 , , 0,n m n

m

m F T T F
m m

m F F
α

α
∞

+
≤ ≤ ∈ ≠

+



  

with  

( ) ( )
( )

( ) ( ) ( )
1

1
21

1 1
, ,

ˆ2 1 , , , ,
n F

k

n

n
m n m n k m

k k S M

F mF k k k k I Fα α ϕ
−

−

∈

= − + +∑


 
 

where ( )1, , 0m nk kα ≠
 is a positive integer such that  

( ) ( ) ( )
2

1 1 1
ˆ ˆ, , < , , , , ,

k k
n n m n kM M

m F k k mF k k k k Iα+    

( )
( ) ( )

1

1
, ,

ˆ , , <
k

n f
n mMk k S

m F k k fϕ
∈

∑


  

and  

( )
( )

( ) ( )
1

1
2

1 1
, ,

ˆ , , , , .
n F

k

n

m n m n k
k k S M

f mF k k k k Iϕ α
−

∈

< +∑


 
 

In application, we show that the von Neumann inequality holds up to the 
constant 2n  for matrices of the algebra ( )k nM  .  
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2. Proof of the Main Result 

In this section, we give the proof of Theorem 1.1. Given  

( )
( )

( ) 1

1

1 1 1
, ,

ˆ, , , , ,n

n f

kk
n n n

k k S
f z z f k k z z

∈

= ∑


    

a complex polynomial over n . Then  

( ){ }1 1sup , , : 1 .n nf f z z z z
∞
= = = =   

Suppose that  

( ) ( ) ( )1 2 1 1 2 1 2 1 2 1 2 1 1 2, 5 28 15, , 3 1, , 4 6 5f z z z z z g z z z z h z z z z z= + + = + = + +  

are complex polynomials over 2 . Then the 2 2× -matrix  

( ) ( ) ( )
( ) ( )

1 2 1 2
1 2

1 2 1 2

, ,
,

, ,
f z z g z z

F z z
h z z f z z

 
=  
 

 

can be written as  

( )1 2 1 1 2

15 1 5 0 28 3
, .

5 15 4 5 6 28
F z z z z z     

= + +     
     

 

( )1 2,F z z  is a polynomial over 2  with matrix coefficients. Let n  denote 
the algebra of complex polynomials over n . Given  

( )
( )

( ) 1

1 ,

, 1 , 1 1
, ,

ˆ, , , , , , 1, , ;n

n fi j

kk
i j n i j n n

k k S
f z z f k k z z i j k

∈

= =∑


     

complex polynomials over n . Then  

( ) ( )( ), , 1, 1 , 1
sup , , : 1 .

k

k k
i j i j n ii j i j M

f f z z z
= =∞

 
= ≤ 

 
  

Denote by  

,
1 1

.
i j

k k

F f
i j

S S
= =

=


 

Then the k k× -matrix ( ) ( )( )1 , 1 , 1
, , , ,

k
n i j n i j

F z z f z z
=

=   can be written as  

( )
( )

( )( ) 1

1

1 , 1 1, 1, ,

ˆ, , , , .n

n F

k kk
n i j n ni jk k S

F z z f k k z z
=∈

= ∑


    

In other words,  

( )
( )

( ) 1

1

1 1 1
, ,

ˆ, , , , .n

n F

kk
n n n

k k S
F z z F k k z z

∈

= ∑


    

The k k× -matrix ( )1, , nF z z
 can be regarded as a polynomial over n  

with matrix coefficients. Each element of the algebra ( )k nM   has this repre-
sentation. In our case, the set  

( ) ( ){ }1 1
ˆ , , : , ,n n FF k k k k S∈   

is the set of Fourier coefficients of ( )1, , nF z z
. Let us set  

( )( ), 1, , 1
sup , ,

k
i j nu k i j

F f T T
=

=   
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where the supremum is taken over the family of all n-tuples of commuting con-
tractions on all Hilbert spaces. It is easy to see that ,u kF  is finite, since it is 
bounded by the sum of the operator norms of the Fourier coefficients of F, and 
that this quantity defines a norm on the algebra ( )k nM   of matrices of poly-
nomials over n . For each polynomial P in ( )k nM  , there is always an 
n-tuple of contractions where this supremum is achieved. Therefore, 

( )( ),, .k n u kM   is a normed algebra.  
Definition 2.1. Let G be a group. An order >, on G, is called archimedean if it 

has the following property: to every pair of elements ,x y  of G such that 0x >  
and 0y > , there corresponds a positive integer n such that nx y> .  

The order axiom for the real line states that every real number is less than 
some natural number. This is equivalent to the assertion that for any two posi-
tive real numbers a and b there is a positive integer n such that a nb≤ . 

The Archimedean property of the total order on   allows us to show that 
every element ( )1, , nF z z

 of ( )k nM   is associated to the smallest positive 
integer ( ) 1d F ≠  such that ( )d F F

∞
 is always bigger than the sum of the 

operator norms of the Fourier coefficients of ( )1, , nF z z
.  

Theorem 2.2. Let  

( )
( )

( ) 1

1

1 1 1
, ,

ˆ, , , , n

n F

kk
n n n

k k S
F z z F k k z z

∈

= ∑


    

be an element of ( )k nM  . Then there exists a smallest positive interger 
( ) 1d F ≠  such that  

( )
( ) ( )

1

1
, ,

ˆ , , .
kn F

n Mk k S
F F k k d F F

∞ ∞
∈

≤ ≤∑



 

Proof. Let  

( )
( )

( ) 1

1

1 1 1
, ,

ˆ, , , , n

n F

kk
n n n

k k S
F z z F k k z z

∈

= ∑


    

be a k k× -matrix of complex polynomials over n . In general, we have  

( )
( )

1

1
, ,

ˆ , ,
k

n F
n Mk k S

F F k k
∞

∈

≤ ∑


  

and  

( )
( )

1

1
, ,

ˆ , , , .
k

n F
n Mk k S

F k k F+ +
∞

∈

∈ ∈∑


    

The Archimedean property of the total order on   allows us to claim that 
there exists a smallest positive integer ( ) 1d F ≠  such that  

( )
( ) ( )

1

1
, ,

ˆ , , .
k

n F
n Mk k S

F F k k d F F
∞ ∞

∈

≤ ≤∑



 

  
Remark 2.3. Each element F of the algebra ( )k nM   has a finite number of 

Fourier coefficients and each Fourier coefficient of an element F of ( )k nM   is 
bounded by its supremum norm F

∞
 over the polydisc n .  

Let  
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( )
( )

( ) 1

1

1 1 1
, ,

ˆ, , , , n

n F

kk
n n n

k k S
F z z F k k z z

∈

= ∑


    

be an element of ( )k nM   and let ( )FCard S  be the number of the Fourier 
coefficients of F. Denote by  

( ) ( ) ( ){ } ( ), : .k r n k n F k nF M Card S r MΩ = ∈ = ⊂    

Theorem 2.4. Let n  be the set of complex polynomials over n  and let  

( ) ( ) ( ){ }, :k r n k n FF M Card S rΩ = ∈ =   

be a subspace of ( )k nM  . Then  

( )
( )

( )1

1
, ,

,

ˆ , ,
sup : , 0 .

kn F
n Mk k S

k r n

F k k
F F r

F
∈

∞

 
  ∈Ω ≠ ≤ 
 
  

∑




  

Proof. Let  

( )
( )

( ) 1

1

1 1 1
, ,

ˆ, , , , n

n F

kk
n n n

k k S
F z z F k k z z

∈

= ∑


    

be an element of ( ),k r nΩ  . Therefore, ( )FCard S r= . Remark 2.3 allows us to 
claim that  

( ) ( )1
ˆ , , , ,

k
n k nM

F k k F F M
∞

≤ ∀ ∈   

with  

( )
( )

( ) 1

1

1 1 1
, ,

ˆ, , , , .n

n F

kk
n n n

k k S
F z z F k k z z

∈

= ∑


    

It follows that  

( )
( ) ( ) ( )

1

1
, ,

ˆ , , , .
k

n F
n F k nMk k S

F k k Card S F F M
∞

∈

≤ ∀ ∈∑


   

For matrices of ( ),k r nΩ  , we have the following:  

( )
( ) ( )

1

1 ,
, ,

ˆ , , , .
k

n F
n k r nMk k S

F k k r F F
∞

∈

≤ ∀ ∈Ω∑


   

Therefore,  

( )( )
( )1 1, ,

,

ˆ , ,
, , 0.n F k

nk k S M
k r n

F k k
r F F

F
∈

∞

≤ ∀ ∈Ω ≠
∑





  

Finally,  

( )( )
( )1 1, ,

,

ˆ , ,
sup , , 0 .n F k

nk k S M
k r n

F k k
F F r

F
∈

∞

 
 ∀ ∈Ω ≠ ≤ 
  

∑




  

  
Theorem 2.4 allows us to state that, for every n-tuple { }1, , nT T

 of com-
muting contractions on a Hilbert space  , one has  

( ) ( )1 ,, , , .
k

n k r nM
F T T r F F

∞
≤ ∀ ∈Ω   
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We can factorize matrices of complex polynomials. Assume that 3n =  and 
let  

( )
( )

( ) 31 2

1 2 3

1 2 3 1 2 3 1 2 3
, ,

ˆ, , , ,
F

kk k

k k k S
Q z z z Q k k k z z z

∈

= ∑  

be a matrix of complex polynomials of three variables of ( )3kM  . Then 
( )1 2 3, , Fk k k S∀ ∈  there exists a constant ( )1 2 3, ,k k kα ∈ , ( )1 2 3, , 0k k kα ≠ , 

such that  

( ) ( ) ( )
3 3

2

1 2 3 1 2 3 1 2 3
ˆ ˆ2 , , 2 , , , , .kM M

Q k k k Q k k k k k k Iα< +  

Let us notice that ( ) ( )
2

1 2 3 1 2 3
ˆ2 , , , , kQ k k k k k k Iα+  is a positive matrix of 

complex polynomials and ( )1 2 3, ,k k kα  is not unique. Denote by  

( )
( )

( ) ( ) ( )1 2 1

1 2 3

2

1 1 2 3 1 2 3 1 2 3 1 2 1
, ,

ˆ, , , , , ,
F

k k k
k

k k k S
B z z z Q k k k k k k I z z zα

∈

= + +∑  

and  

( )
( )

( ) ( ) ( )32 2

1 2 3

2

2 1 2 3 1 2 3 1 2 3 2 3 2
, ,

ˆ, , , , , , .
F

kk k
k

k k k S
B z z z Q k k k k k k I z z zα

∈

= + +∑  

It is straightforward to see that  

( )

( )
( ) ( ) ( )31 2

1 2 3

2

1 2 3
1

4

1 2 3 1 2 3 1 2 3 1 2 3
, ,

, ,

ˆ , , , , , , .
F

j
j

kk k
k

k k k S

B z z z

Q k k k k k k I z z z H z z zα

=

∈

= + +

∏

∑
 

This implies that there exists a matrix ( ) ( )1 2 3 3, ,Q
kP z z z M∈   of complex 

polynomials over 3  such that  

( )( ) ( ) ( )
2

1 2 3 1 2 3 1 2 3
1

, , 2 , , , , .Q
j

j
B Q z z z Q z z z P z z z

=

= +∏  

What we need to notice is that the sets  

( ) ( ){ } ( ){ }1, , : , :
k

n k n k nM
F T T F M F F M

∞
∈ ∈    

are not bounded. However, the factorization of matrices of complex polyno-
mials, in terms of the product of matrices of complex polynomials of two va-
riables, allows us to claim that the set  

( )
( )

1, ,
: , 0k

n M
k n

F T T
F M F

F
∞

  ∈ ≠ 
  



  

is bounded by 2n .  
Proof of Theorem 1.1  
Let  

( )
( )

( ) ( )1

1

1 1 1
, ,

ˆ, , , , n

n F

kk
n n n k n

k k S
F z z F k k z z M

∈

= ∈∑


     

be a matrix of complex polynomials over n . Then ( )1, , n Fk k S∀ ∈
 there 

exists a constant ( )2 1, , nk kα ∈  , ( )2 1, , 0nk kα ≠
, such that  

https://doi.org/10.4236/ajcm.2021.114019


J. M. Mouanda 
 

 

DOI: 10.4236/ajcm.2021.114019 295 American Journal of Computational Mathematics 
 

( ) ( ) ( )
2

1 1 2 1
ˆ ˆ2 , , 2 , , , , .

k k
n n n kM M

F k k F k k k k Iα< +    

Denote by  

( ) ( )( )
( )

( ) ( ) 1

1

22
1 1 2 1 1

, ,

ˆ, , 2 , , , , n

n F

kk
n n n k n

k k S
F z z F k k k k I z zα

∈

∆ = +∑


     

the matrix of complex polynomials with positive matrices as Fourier coefficients. 
The matrix of complex polynomials ( ) ( )( )2

1, , nF z z∆   satisfies the von Neu-
mann’s inequality. Denote by  

( )( )
( )

( ) ( ) 1

1

2

,2 1 1 2 1 1
, ,

ˆ, , 2 , , , , j j

n F

k k
j n n n k j j

k k S
F z z F k k k k I z zβ α +

+
∈

= +∑


    

and  

( )( )
( )

( ) ( )
1

2

,2 1 1 2 1
, ,

ˆ, , 2 , , , , ,j

n F

k
j n n n k j

k k S
F z z F k k k k I zδ α

∈

= +∑


    

1, , 1j n= − . As we can see ( )( ),2 1, , , 1, , 1j nF z z j nβ = −  , are matrices of 
complex polynomials of two variables with positive matrices as Fourier coeffi-
cients and ( )( ),2 1, , , 1, , 1j nF z z j nδ = −  , are matrices of complex polyno-
mials of one variable with positive matrices as Fourier coefficients. These poly-
nomials have exactly the same number of Fourier coefficients than ( )1, , nF z z

 
and they all satisfy the von Neumann inequality. It is straightforward to see that  

( )
( )

( ) ( )
1

2

,2 1 2 1
, ,

ˆ2 , , , , ,
n F

k

j n n k
k k S M

F F k k k k Iβ α
∞

∈

= +∑


   

( ) ( ),2 ,2j jF Fδ β
∞ ∞
=  

and  

( ) ( ) ( ) ( ),2 ,2 ,2 ,22 2 .j j j jF F F Fβ δ δ β
∞ ∞ ∞

+ = =  

Denote by  

( )( ) ( )( ) ( )( ),2 1 ,2 1 ,2 1, , , , , , , 1, , 1.j n j n j nG F z z F z z F z z j nβ δ= + = −     

That is,  

( )( )

( )
( ) ( ) ( )1

1

,2 1

2

1 2 1 1
, ,

, ,

ˆ2 , , , , ,j j j

n F

j n

k k k
n n k j j j

k k S

G F z z

F k k k k I z z zα +
+

∈

= + +∑




 

 

1, , 1j n= − . It is not difficult to see that there exists a matrix 
( ) ( )2 1, ,F

n k nP z z M∈   of complex polynomials over n  such that  

( )( ) ( ) ( )
1

,2 1 1 2 1
1

, , 2 , , , , .
n

F
j n n n

j
G F z z F z z P z z

−

=

= +∏     

In other words,  

( ) ( ) ( )( ) ( )( )
1

1 2 1 ,2 1 ,2 1
1

2 , , , , , , , , .
n

F
n n j n j n

j
F z z P z z F z z F z zβ δ

−

=

 + = + ∏     
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It is straightforward to see that 

( ) ( ) ( )
1 1

2, 2 ,2 ,2
1 1

2 .
n n

F
j j j

j j
G F F P F Fβ δ

− −

∞∞
= =∞

= + = +∏ ∏  

In general, the matrix ( )2 1, ,F
nP z z  is not unique. The structure of the ma-

trix ( )2 1, ,F
nP z z  depends on the structure of ( ) ( )( )2

1, , nF z z∆  . Let 
{ }1 2, , , nT T T

 be an n-tuple of commuting contractions on a Hilbert space  . 
The von Neumann inequality for matrices of complex polynomials of two (or 
one) variable(s) allows us to say that  

( )( )
( )

( )( )
( )

,2 1 ,2 1

,2 ,2

, , , ,
1, 1.j n j n

j j

F T T F T T

F F

β δ

β δ
∞ ∞

≤ ≤
 

 

This implies that  

( )( )
( )

( )( )
( )

,2 1 ,2 1

,2 ,2

, , , ,
2.j n j n

j j

F T T F T T

F F

β δ

β δ
∞ ∞

+ ≤
 

 

Suppose that  

( ) ( )( ) ( ) ( )
1

2 1 1 1 2 1
1

, , , , 2 , , , , .
n

F F
n j n n n

j
G z z G F z z F z z P z z

−

=

= = +∏     

It follows that  

( ) ( )( ) ( )( )
1

2 1 ,2 1 ,2 1
1

, , , , , , .
n

F
n j n j n

j
G T T F T T F T Tβ δ

−

=

 = + ∏    

This implies that,  

( ) ( )( ) ( )( )
1

2 1 ,2 1 ,2 1
1

, , , , , , .
n

F
n j n j n

j
G T T F T T F T Tβ δ

−

=

 = + ∏    

Thus,  

( ) ( )( ) ( )( )
1

2 1 ,2 1 ,2 1
1

, , , , , , .
n

F
n j n j n

j
G T T F T T F T Tβ δ

−

=

 ≤ + ∏    

Also, we have  

( ) ( )( ) ( )( )
1

2 1 ,2 1 ,2 1
1

, , , , , , .
n

F
n j n j n

j
G T T F T T F T Tβ δ

−

=

 ≤ + ∏    

It is easy to say that  

( ) ( )( ) ( )( )
( ) ( )

1 ,2 1 ,2 12 1

1 ,2 ,22

, , , ,, ,
.

F n j n j nn

F
j j j

F T T F T TG T T

F FG

β δ

β δ

−

=
∞∞

 +
 ≤
 + 

∏
 

 

Therefore,  

( ) ( )( )
( ) ( )

( )( )
( ) ( )

1 ,2 1 ,2 12 1

1 ,2 ,2 ,2 ,22

, , , ,, ,
.

F n j n j nn

F
j j j j j

F T T F T TG T T

F F F FG

β δ

β δ β δ

−

=
∞ ∞∞

 
 ≤ +
 + + 

∏
 

 

We can claim that  
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( ) ( )( )
( )

( )( )
( )

1 ,2 1 ,2 12 1

1 ,2 ,22

, , , ,, ,
,

F n j n j nn

F
j j j

F T T F T TG T T

F FG

β δ

β δ

−

=
∞ ∞∞

 
 ≤ +
  

∏
 

 

since, in general,  

( ) ( ) ( ) ( ) ( ) ( ),2 ,2 ,2 ,2 ,2 ,2, .j j j j j jF F F F F Fδ β δ β β δ
∞ ∞ ∞ ∞
≤ + ≤ +  

It is clear that  

( )
[ ]

12 1 1

12

, ,
1 1 2 .

F nn n
F

j

G T T

G

−
−

=
∞

≤ + =∏


 

This implies that  

( ) ( )
( )1 2 1 1

2

2 , , , ,
sup : , 0 2 .

2

F
n n n

k nF

F T T P T T
F M F

F P
−

∞

 + ∈ ≠ ≤ 
+  

 

  

Due to the fact that  

( ) ( ) ( ) ( )1 2 1 1 2 12 , , , , 2 , , , ,F F
n n n nF T T P T T F T T P T T+ ≤ +     

and  

2 22 2 ,F FF P F P
∞∞ ∞

+ ≤ +  

we can say that for every ( ) , 0k nF M F∈ ≠ , there exist two positive real 
numbers V

Fα  and Fλ  such that  

( ) ( ) ( ) ( )1 2 1 ,2 1 2 12 , , , , 2 , , , ,F V F
n n F n nF T T P T T F T T P T Tα+ + = +     

and  

2 ,2 22 2 .F F
FF P F Pλ

∞∞ ∞
+ + = +  

Thus,  

( ) ( ) ( ) ( )1 2 1 1 2 1 ,22 , , , , 2 , , , ,F F V
n n n n FF T T P T T F T T P T T α+ = + −     

and  

2 2 ,22 2 .F F
FF P F P λ

∞∞ ∞
+ = + −  

Therefore,  

( ) ( ) ( ) ( )1 2 1 1 2 1 ,2

2 2 ,2

2 , , , , 2 , , , ,
.

2 2

F F V
n n n n F

F F
F

F T T P T T F T T P T T

F P F P

α

λ
∞∞ ∞

+ + −
=

+ + −

   

 

It is not difficult to see that  

( ) ( ) ( ) ( )1 2 1 ,2 1 2 1

2 2

2 , , , , 2 , , , ,

2 2

F V F
n n F n n

F F

F T T P T T F T T P T T

F P F P

α

∞ ∞ ∞

+ − +
≤

+ +

   

 

Now, we can claim that  

( ) ( )
( )1 2 1 ,2 1

2

2 , , , ,
2 , , 0.

2

F V
n n F n

k nF

F T T P T T
F M F

F P

α
−

∞ ∞

+ −
≤ ∈ ≠

+

 

  
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There exists a positive real number 
2
F

V
P

θ  such that  

( )
( )

( )
2

1
2

2 1 2 1
, ,

ˆ, , , , .F
k

n FP

F V F
n nP Mk k S

P T T P k kθ
∈

+ = ∑


 
 

This allows us to say that  

( )
( )

( )
2

1
2

1 2 1 ,2
, ,

1

2

ˆ2 , , , ,

2 .
2

F
k

n FP

F V V
n n FPMk k S

n
F

F T T P k k

F P

θ α
∈

−

∞ ∞

+ − −

≤
+

∑


 

 

In other words,  

( )
( )

( )
1

2

1 2 1 ,2
, ,

1

2

ˆ2 , , , ,

2 .
2

k
n FP

F V
n n FMk k S

n
F

F T T P k k

F P

ω
∈

−

∞ ∞

+ −

≤
+

∑


 

      (2.1) 

with 
2

,2 ,2 0F
V V V
F FP

ω θ α= + ≥ . Let us notice that  

( )
( )

( ) ( )
1

2

,2 1 2 1
, ,

ˆ0 2 , , , , , , 0,
k

n FP

V F
F n n k nMk k S

F T T P k k F M Fω
∈

≤ ≤ + ∈ ≠∑


    

and  

( ),2 1

2

0 2 , , 0.
2

V
F n

k nF
F M F

F P
ω −

∞ ∞

≤ ≤ ∈ ≠
+

            (2.2) 

It is straightforward to observe that if we add (2.1) and (2.2), one has  

( )
( )

( )
1

2

1 2 1
, ,

1 1

2

ˆ2 , , , ,

0 2 2 ,
2

kn FP

F
n n Mk k S

n n
F

F T T P k k

F P

∈
− −

∞ ∞

+

≤ ≤ +
+

∑


 

    (2.3) 

( ) , 0k nF M F∈ ≠ . It follows that  

( )
( )1 2

2

2 , ,
0 2 , , 0.

2

F
n n

k nF

F T T P
F M F

F P
∞

∞ ∞

+
≤ ≤ ∀ ∈ ≠

+



         (2.4) 

Therefore, there exists a positive constant nK  such that  

( )
( )1, ,

0 , , 0.n
n k n

F T T
K F M F

F
∞

≤ ≤ ∀ ∈ ≠


  

Define the sequence ( ) ( )( )( )1 , 0
, ,m

n m m
F z z

∈ ≠
∆ 


 of matrices of complex  

polynomials over n  by setting  

( ) ( )( )
( )

( ) ( ) 1

1

2

1 1 1 1
, ,

ˆ, , , , , , ,n

n F

m kk
n n m n k n

k k S
F z z mF k k k k I z zα

∈

∆ = +∑


     

with ( )1, ,m nk kα ∈  , ( )1, , 0m nk kα ≠
, such that  

( ) ( ) ( )
2

1 1 2 1
ˆ ˆ, , , , , , .

k k
n n n kM M

m F k k mF k k k k Iα< +    

The elements of the sequence ( ) ( )( )( )1 , 0
, ,m

n m m
F z z

∈ ≠
∆ 


 satisfy the von  
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Neumann inequality. Let  

( )( )( ) ( )( )( ), 1 , 1, 0 , 0
, , , , ,j m n j m nm m m m

F z z F z zβ δ
∈ ≠ ∈ ≠

 

 
 

be two new sequences of matrices of complex polynomials over n  defined by  

( )( )
( )

( ) ( ) 1

1

2

, 1 1 1 1
, ,

ˆ, , , , , , j j

n F

k k
j m n n m n k j j

k k S
F z z mF k k k k I z zβ α +

+
∈

= +∑


    

and  

( )( )
( )

( ) ( )
1

2

, 1 1 1
, ,

ˆ, , , , , , ,j

n F

k
j m n n m n k j

k k S
F z z mF k k k k I zδ α

∈

= +∑


    

1, , 1j n= − . For every , 0m m∈ ≠ , one has  

( )( )
( )

( )( )
( )

, 1 , 1

, ,

, , , ,
1, 1.j m n j m n

j m j m

F T T F T T

F F

β δ

β δ
∞ ∞

≤ ≤
 

 

A straightforward calculation shows that there exists a new sequence 
( )( )1 , 0

, ,F
m n m m

P z z
∈ ≠




 of matrices of complex polynomials over n  such that  

( ) ( ) ( )( ) ( )( )
1

1 1 , 1 , 1
1

, , , , , , , , .
n

F
n m n j m n j m n

j
mF z z P z z F z z F z zβ δ

−

=

 + = + ∏     

We have exactly the same result as in (2.4). In other words,  

( )
( )1, ,

0 2 , , 0.
F

n m n
k nF

m

m F T T P
F M F

m F P
∞

∞ ∞

+
≤ ≤ ∀ ∈ ≠

+



        (2.5) 

Denote by ( ) F
m mF Pα

∞
= . Finally, for every ( )k nF M∈  , there exists a 

sequence ( )( ) , 0m m m
Fα

∈ ≠
 of positive numbers such that  

( ) ( )
( ) ( )1, ,

0 2 , , 0.n m n
k n

m

m F T T F
F M F

m F F
α

α
∞

+
≤ ≤ ∀ ∈ ≠

+



  

Let us notice that the constant ( )m Fα  depends only on the Fourier coeffi-
cients of the matrix of complex polynomials ( )1, , nF z z

. Let us estimate the 
growth of ( )m Fα  depending on the values of m. Let us examine the number of 
terms of the product  

( )( ) ( )( )
1

, 1 , 1
1

, , , , .
n

j m n j m n
j

F z z F z zβ δ
−

=

 + ∏    

This matrix of complex polynomials has exactly 12n−  terms and there exists a 
matrix of complex polynomials F

mQ   

( ) ( ) ( )( ) ( )( )
2

1 1 , 1 1, 1
1

, , , , , , , ,
n

F
n m n j m n n m n

j
mF z z Q z z F z z F z zδ β

−

−
=

+ =∏    . 

A simple calculation shows that  

( ) ( ) ( )
1 11

, , 1,
1

2 .
n nn

j m j m m
j

F F Fβ δ δ
− −−

∞
= ∞

 + = ∏  

In other words,  
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( ) ( )

( )
( ) ( )

1

1

, ,
1

1
21

1 1
, ,

ˆ2 , , , , .
n F

k

n

j m j m
j

n

n
n m n

k k S M

F F

mF k k k k

β δ

α

−

= ∞

−

−

∈

 + 

= +

∏

∑


 

 

The expression of ( )1, , nmF z z
 can be deduced from the matrix of complex 

polynomials  

( )( ) ( )( )
2

, 1 1, 1
1

, , , , .
n

j m n n m n
j

F z z F z zδ β
−

−
=
∏    

This means that the expression of the matrix ( )1, ,F
m nP z z  can be com-

puted from the 12 1n− −  remaining terms of the matrix of complex polynomials  

( )( ) ( )( )
1

, 1 , 1
1

, , , , .
n

j m n j m n
j

F z z F z zβ δ
−

=

 + ∏    

It follows that  

( )
( )

( ) ( ) ( )
1

1
21

1 1
, ,

ˆ2 1 , , , , ,
n F

k

n

F n
m n m n m

k k S M

P mF k k k k Fα ϕ
−

−

∞
∈

= − + +∑


 
 

with  

( )
( ) ( ) ( ) ( )

1

2

1 , 1,
, , 1

ˆ , , .
k

n F

n

n m j m n mMk k S j
m F k k F F Fϕ δ β

−

−
∈ = ∞

< <∑ ∏


  

Recall that  

( ) ( )
( )

( ) ( )
1

1
2 2

, 1, 1 1
, ,1

ˆ , , , , .
n F

k

n
n

j m n m n m n
k k Sj M

F F mF k k k kδ β α
−

−

−
∈= ∞

= +∑∏


 
 

Therefore, we can claim that  

( )
( )

( ) ( )
1

1
2

1 1
, ,

ˆ , , , , .
n F

k

n

m n m n
k k S M

F mF k k k kϕ α
−

∈

< +∑


 
 

  

3. Application 

In this section, we show that von Neumann’s inequality holds up to the constant 
2n .  

Remark 3.1. Let  

( )
( )

( ) ( )1

1

1 1 1
, ,

ˆ, , , , n

n F

kk
n n n k n

k k S
F z z F k k z z M

∈

= ∈∑


     

be a matrix of complex polynomials over n . There exists a positive constant 
( )m Fλ  such that  

( )
( ) ( ) ( )

1

1
2

1 1
, ,

ˆ , , , ,
n F

k

n

n m n m
k k S M

mF k k k k m F Fα λ
−

∞
∈

+ = +∑


 
 

and  
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( )
,

2
m F

m F
λ

∞
<  

where ( )1, , 0m nk kα ≠
 is a positive integer such that  

( ) ( ) ( )
2

1 1 1
ˆ ˆ, , , , , , .

k k
n n m nM M

mF k k mF k k k kα< +    

We can now show that von Neumann’s inequality hold up to the constant 2n .  
Theorem 3.2. Let n  be the algebra of complex polynomials over n , let  

( )
( )

( ) ( )1

1

1 1 1
, ,

ˆ, , , , n

n F

kk
n n n k n

k k S
F z z F k k z z M

∈

= ∈∑


     

be a matrix of complex polynomials over n  and let { }1, , nT T
 be an n-tuple 

of commuting contractions on a Hilbert space  . Then  

( )
( )

( ) ( )
1

1 1
, ,

ˆ, , , , 2 , .
kn F

n
n n k nMk k S

F T T F k k F F M
∞

∈

< ≤ ∀ ∈∑


    

Proof. Let  

( )
( )

( ) ( )1

1

1 1 1
, ,

ˆ, , , , n

n F

kk
n n n k n

k k S
F z z F k k z z M

∈

= ∈∑


     

be a matrix of complex polynomials over n . Theorem 1.1 allows us to claim 
that there exists a sequence ( )( )1 , 0

, ,F
m n m m

P z z
∈ ≠




 of matrices of complex po-

lynomials over n  such that  

( )
( ) ( )

1

1
21

1 1
, ,

ˆ1 2 , , , , ,
n F

k

n

F n
m n m n

k k S M

P mF k k k kα
−

−

∞
∈

< < +∑


 
 

where ( )1, , 0m nk kα ≠
 is a positive integer such that  

( ) ( ) ( )
2

1 1 1
ˆ ˆ, , , , , , .

k k
n n m nM M

mF k k mF k k k kα< +    

Recall that  

( ) ( )
( )

11 1

0

1 !
.

1 ! !

nn k n k

k

n
a b a b

n k k

−
− − −

=

−
+ =

− −∑  

Remark 3.1 allows us to claim that there exists a positive constant ( )m Fλ  
such that  

( )
( ) ( ) ( )

1

1
2

1 1
, ,

ˆ , , , ,
n F

k

n

n m n m
k k S M

mF k k k k m F Fα λ
−

∞
∈

+ = +∑


 
 

and  

( )
.

2
m F

m F
λ

∞
<  

It follows that  

( ) ( )( )
( )

( )

( )( )
1

1
1

, ,

1

ˆ2 1 , ,

2 .

k
n F

n
m n Mk k S

n
m

m F F m F k k

m F F

λ

λ

−
∞

∈

−
∞

− + +

< +

∑



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This implies that  

( )( )
( )

( ) ( )( )
1

1
1

, ,

ˆ2 , , 2 .
k

n F

n n
m n mMk k S

m F F m F k k m F Fλ λ−
∞ ∞

∈

+ + < +∑



 

Therefore,  

( )( )
( )

( ) ( )( )
1

1
, ,

2 ˆ , , 2 .
2 k

n F

n
m n

n mMk k S

m F F
m F k k m F F

λ
λ∞

∞
∈

+
+ < +∑



  

Due to the fact that ( )
2

m F
m F

λ
∞
< , implies that  

( )
( ) ( )

1

1
, ,

2 ˆ , , 2 , .
2 k

n F

n
n

n k nMk k S

mF
m F k k mF F M∞

∞
∈

+ < ∀ ∈∑


   

Therefore,  

( )
( ) ( )

1

1
, ,

ˆ , , 2 , .
k

n F

n
n k nMk k S

F k k F F M
∞

∈

< ∀ ∈∑


   

Finally, if { }1, , nT T
 is an n-tuple of commuting contractions on a Hilbert 

space  , we have  

( )
( )

( ) ( )
1

1 1
, ,

ˆ, , , , 2 , .
k

n F

n
n n k nMk k S

f T T F k k F F M
∞

∈

< < ∀ ∈∑


    

   

We also notice that the fraction 
( )1, , nF T T

F
∞



, ( )k nF M∀ ∈  , 0F ≠ ,  

depends on the expression of F not on the number of variables of F. However, 
the constant 2n  depends on the number of variables of F. This means that for 
the sufficiently large number of variables, the inequality (2.6) is trivial.  
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